Advances in Mathematics 386 (2021) 107812

Contents lists available at ScienceDirect z
. . MATHEMATICS
Advances in Mathematics
www.elsevier.com /locate/aim
Mass formula and Oort’s conjecture for n
supersingular abelian threefolds

Valentijn Karemaker *, Fuetaro Yobuko ", Chia-Fu Yu ©*

& Mathematical Institute, Utrecht University, Utrecht, the Netherlands
P Graduate School of Mathematics, Nagoya University, Nagoya, Japan
¢ Institute of Mathematics, Academia Sinica and National Center for Theoretic

Sciences, Taipei, Taiwan

ARTICLE INFO

ABSTRACT

Article history:

Received 13 August 2020
Received in revised form 7 April
2021

Accepted 17 May 2021
Available online 2 June 2021
Communicated by Zhiwei Yun

Keywords:

Mass formulae

Supersingular abelian varieties
Automorphism groups

Katsura and Oort obtained an explicit description of the su-
persingular locus .31 of the Siegel modular variety of degree
3 in terms of class numbers. In this paper we study an alter-
native stratification of .3 1, the so-called mass stratification.
We show that when p # 2, there are eleven strata (one of
a-number 3, two of a-number 2 and eight of a-number 1). We
give an explicit mass formula for each stratum and classify
possible automorphism groups on each stratum of a-number
one. On the largest open stratum we show that every auto-
morphism group is {£1} if and only if p # 2; that is, we prove
that Oort’s conjecture on the automorphism groups of generic
supersingular abelian threefolds holds precisely when p > 2.
© 2021 Elsevier Inc. All rights reserved.

* Corresponding author.

E-mail addresses: V.Z.Karemaker@uu.nl (V. Karemaker), yobuko@math.nagoya-u.ac.jp (F. Yobuko),

chiafu@math.sinica.edu.tw (C.-F. Yu).

https://doi.org/10.1016/j.aim.2021.107812
0001-8708/© 2021 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.aim.2021.107812
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2021.107812&domain=pdf
mailto:V.Z.Karemaker@uu.nl
mailto:yobuko@math.nagoya-u.ac.jp
mailto:chiafu@math.sinica.edu.tw
https://doi.org/10.1016/j.aim.2021.107812

2 V. Karemaker et al. / Advances in Mathematics 386 (2021) 107812

1. Introduction

Throughout this paper, let p be a prime number, and let k be an algebraically closed
field of characteristic p. An abelian variety X over k is said to be supersingular if it
is isogenous to a product of supersingular elliptic curves; it is called superspecial if
it is isomorphic to a product of supersingular elliptic curves. To each polarised su-
persingular abelian variety @ = (X, \g) of p-power polarisation degree, we associate
a set A, of isomorphism classes of p-power degree polarised abelian varieties (X, \)
over k, consisting of those whose associated quasi-polarised p-divisible groups satisfy
(X, M) [p™] =~ (Xo,Ao)[p™]. It is known that A, is a finite set, and the mass of A, is
defined to be the weighted sum

1
Mass(As) = > rrmr v
(X, M) €A,

Let <7, be the moduli space over F, of g-dimensional principally polarised abelian
varieties. If x = (Xo, Ag) is a superspecial point in o7, (k), that is, X, is superspecial, then
A, coincides with the superspecial locus Ay 1 of o7, which consists of all superspecial
points in o7, called the principal genus. The classical mass formula (see Hashimoto-
Ibukiyama [6, Proposition 9] and Ekedahl [3, p. 159]) states that

( glg+1)/2 (9 g . .
Mass(AgJ) = {HC 1—22 } .H{(pi—k(—l)’}’ (2)

where ((s) denotes the Riemann zeta function.

More generally, for any integer ¢ with 0 < ¢ < |g/2], let A, e denote the finite set of
isomorphism classes of g-dimensional polarised superspecial abelian varieties (X, \) such
that ker(\) ~ a2¢,
group G,. Then one also has Ay ,c = A, for any member = in Ay ye. The case ¢ = |g/2]

where «, is the kernel of the Frobenius morphism on the additive

is called the non-principal genus. As shown by Li-Oort [13], both the principal and non-
principal genera describe the irreducible components of the supersingular locus . 1
of «7,. Similarly, the sets A, ,c describe the irreducible components of supersingular
Ekedahl-Oort (EO) strata in <7, cf. [4]. The explicit determination of the class number
|Ag pel, i-e., the class number problem, is a very difficult task for large g, and is still open
for g = 3 and ¢ = 1. Nevertheless, an explicit calculation of the mass Mass(Ag pe) is more
accessible and provides a good estimate for the class number. This mass was calculated
explicitly by the third author [23, Theorem 1.4] when g = 2¢ and extended to arbitrary
g and ¢ by Harashita [4, Proposition 3.5.2].

n [27], J-D. Yu and the third author explicitly calculated the mass formula for
Mass(A,) for an arbitrary principally polarised supersingular abelian surface z =
(X0, Ao). In [8], Ibukiyama investigated principal polarisations of a given supersingular



V. Karemaker et al. / Advances in Mathematics 386 (2021) 107812 3

non-superspecial abelian surface Xy. He explicitly computed the number of polarisa-
tions and the mass of the corresponding principally polarised abelian surfaces. He also
showed the agreement with |A,| and Mass(A,) cf. [8, Proposition 3.3 and Theorem 3.6],
respectively, for a member z = (X, Ag) in .%%;. As an important arithmetic applica-
tion, Ibukiyama proved Oort’s conjecture that the automorphism group of any generic
member is {£1} for p > 3, and he gave a counterexample for p = 2.

Inspired by Ibukiyama’s work [8], and as a continuation of [27], in this paper we
completely determine the mass formula for Mass(A,) when g = 3, and prove Oort’s
conjecture for p > 2 as an arithmetic application. To describe our results, we introduce
some notation; more details will be given in Sections 2 and 3.

For any abelian variety X over k, the a-number of X is a(X) := dimyHom(a,, X).
For abelian threefolds X we have a(X) € {1,2,3}; when computing the mass, we will
separate into cases based on the a-number.

Further let E be a supersingular elliptic curve over IF,,> with Frobenius endomorphism
g = —p, and let By, = E ®F 5 k. For each integer ¢ with 0 < ¢ < |g/2], we denote
by P,e(E}) the set of polarisations p on Ej such that kerp ~ a2¢; one has Py (EY) =
P,-(E9). As superspecial abelian threefolds are unique up to isomorphism, there is a
natural bijection Pye(E}) 22 Ag pe.

Let p be a polarisation in P;(E}). As alluded to above, Li and Oort [13] show there
is a one-to-one natural correspondence between the set Pi(E;) and the set X(731)
of (geometrically) irreducible components of %5 1. More precisely, they consider the
moduli space &, (resp. &) over F2 of three-dimensional (resp. rigid) polarised flag
type quotients with respect to u. This space is an irreducible scheme which comes with
a proper projection morphism pry : &, — .#3 1, such that for each principally polarised
supersingular abelian threefold (X, \) there exist a u € Pi(E}) and a y € &, such that
pro(y) = (X, N)] € F5.1.

Let C C P? be the Fermat curve of degree p + 1 defined by the equation Xf“ +
Xg“ + Xg“ = 0. There exists a natural proper morphism 7 : &, — C with P!-fibres,
and it is shown (cf. [13, Section 9.4] and Proposition 3.7) that &2, is isomorphic to the
Pl-bundle Pc(0(—1) @ €(1)) over the Fermat curve C. Moreover, the morphism 7 has
asection s : C — T C 2, cf. Definition 3.14. In particular, for each k-point (X, \)
in the component pry(22,) of %51 and a point y € &, (k) lying over (X, A), there exists
a unique pair (¢,u) where t = (t : ty : t3) € C(k) and u = (ug : ug) € 7 1(t) ~ PL(k)
that characterises y. Moreover, we have (cf. Proposition 3.15):

(1) If y € T then a(X) = 3.

(2) For any ¢t € C(k), we have t € C(F,2) if and only if for any y € 7~ (¢) the corre-
sponding threefold X has a(X) > 2.

(3) We have a(X) =1 if and only if y ¢ T and 7(y) ¢ C(Fp2).

We are now ready to state our first two main results, computing the mass for any
principally polarised supersingular abelian threefold.
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Theorem A. (Theorem /J.3) Let x = (X, \) € S3.1(k) with a(X) > 2, let p € Pi(E?), and
let y € 2, (k) be such that pro(y) = [(X,\)]. Write y = (t,u) where t = w(y) € C(Fp2)
and u € 7=1(t) =~ PL(k). Then

L

Mass(Aw) = Wm,
where
P-DEP*+1(P*-1) if u€ P}H(Fp2);
Ly=4@-1)@+ 1) - 1) —p?) if u € PH(Fpe) \ P (Fp2);

27Wp-1)E*+ 1)° - P’ —1)  if ud P} (Fp);
where e(p) =0 if p=2 and e(p) =1 if p > 2.

Theorem B. (Theorem 5.21) Let x = (X,\) € 51(k) such that a(X) = 1 and
z € pro(P,) for some p € Pi(E?). Consider an element y € 2,,(k) over x, which
is characterised by the pair (t,u) with t € C(k)\ C(F,2) and u € Pl (k). Let Z; be as in
Definition 5.16, and let d(t) be as in Definition 5.12. Then

p3Lp

Mass(Ae) = o537 5 7

where

O - 1) -1 - 1) ifud D
Ly =< p2d®(p— 1)(p* — 1)(p° — 1) ift ¢ C(Fps) and u € Z;
pS(p? —1)(p® - 1)(p* - 1) ift e C(Fps) and u € %,.

The mass function on .3 ; induces a stratification such that the mass function be-
comes constant on each stratum. By Theorem A, the locus of .31 with a-number > 2
decomposes into three strata: one stratum with a-number 3 and two strata with a-number
2. On the locus with a-number 1, the stratification depends on p. When p # 2, the d-
invariant takes values in {3,4,5,6} and d(t) = 3 if and only if ¢ € C(IF,s). In this case,
Theorem B says that the mass function depends only on the d-invariant and whether
u € 2, or not, and hence there are eight strata. When p = 2, the d-value d(t) is always
3 and Theorem B gives three strata.

Our computations of the automorphism groups can be summarised as follows.

Theorem C. Let © = (X, \) € 1(k) and p € P(E®) so that x € pry(2,). Consider
an element y € &, over x, which is characterised by the pair (t,u) with t € C(k) and
u € P(k). Let 2, be as in Definition 5.16 and let d(t) be as in Definition 5.12.



V. Karemaker et al. / Advances in Mathematics 386 (2021) 107812 5

(1) (Theorem 6.4) Suppose that a(X) = 1, so that t € C(k) \ C(Fp2). Assume that
(t,u) ¢ 2, that is, u ¢ Py.
(a) If p=2, then Aut(X,\) ~ Cs.
(b) If p > 5, or p=3 and d(t) = 6, then Aut(X,\) ~ Cs,
where Cy, denotes the cyclic group of order n.
(2) (Theorem 6.9) Suppose that a(X) =1 and that (t,u) € Z with t ¢ C(Fys).
(a) If p=2, then Aut(X,\) =~ C3 x Cs.
(b) If p=3 and d(t) =6, then Aut(X,\) € {C2,C4}.
(c) Forp > 5, we have the following cases:
(i) If p=—1 (mod 4), then Aut(X, \) € {Cy,Cy}.
(ii) If p= —1 (mod 3), then Aut(X,\) € {Cs,Cs}.
(iii) If p=1 (mod 12), then Aut(X,\) ~ Cs.
(3) (Proposition 6.12) Let Az 1(C2) = {(X,)) € Az1 : Aut(X,\) ~ Cs} be the set
of superspecial principally polarised abelian threefolds satisfying Oort’s conjecture.
Then

7|A3’1(02)‘ —1 asp— o0.
|Az,1]
In particular, Part (1) of Theorem C shows that Oort’s conjecture is true precisely for
p # 2. That is, every generic principally polarised supersingular abelian threefold over k
of characteristic # 2 has automorphism group Cs.
Schemes in this paper are assumed to be locally Noetherian unless stated otherwise.
The organisation of the paper is as follows. Sections 2 and 3 contain preliminaries,
respectively on mass formulae and the structure of the supersingular locus .3 ;. In par-
ticular, the strategy we will follow in later sections to obtain mass formulae is outlined
at the end of Section 2. Sections 4 and 5 determine the mass formulae for supersingular
abelian threefolds X, respectively with a(X) = 2 (cf. Theorem A) and a(X) =1 (cf. The-
orem B). The automorphism groups, as well as the implications for Oort’s conjecture,
are studied in Section 6 (cf. Theorem C). The Appendix contains results of independent
interest, concerning a set-theoretic intersection arising in Section 5.

2. Mass formulae for supersingular abelian varieties
2.1. Set-up and notation

Throughout the paper, let p be a prime number, let g be a positive integer, and let k
be an algebraically closed field of characteristic p. The ground field for objects studied
is k, unless stated otherwise.

For a finite set S, write |S| for the cardinality of S. Let «, be the unique a-group
of order p over F; it is defined to be the kernel of the Frobenius morphism on the
additive group G, over F,. For a matrix A = (a;;) € Mat,,x,(k) and integer r, write
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AP = (af;) for the image of A under the rth Frobenius map. Denote by Z = I, Z,
the profinite completion of Z and by Ay = Z ®z Q the finite adele ring of Q.

Definition 2.1. For any integer d > 1, let o7 4 denote the (coarse) moduli space over Fp of
g-dimensional polarised abelian varieties (X, \) with polarisation degree deg A = d?. For
any m > 1, let . ,» be the supersingular locus of .27, ,m, which consists of all polarised
supersingular abelian varieties in @7 ,m. Then % ; is the moduli space of g-dimensional
principally polarised supersingular abelian varieties. Denote .7 p+ = Up>15 pm.

Definition 2.2. (1) If S is a finite set of objects with finite automorphism groups in a
specified category, then we define the mass of S to be the weighted sum

1
MaSS(S) = Z m

ses

(2) For any = = (Xo, Ag) € S p (k), we define
Ay = {(X;A) € Fype (k) (X, M) [p™] = (Xo, Ao) [P} (3)

where (X, A)[p>] denotes the polarised p-divisible group associated to (X, ). Then A,
is a finite set; see [22, Theorem 2.1]. The mass of A, is defined as

1
Mass(Ao) = D, oy
(X N)EA,

2.2. Superspecial mass formulae

Recall that a superspecial abelian variety over k is an abelian variety isomorphic to a
product of supersingular elliptic curves.

Definition 2.3. Let 0 < ¢ < |g/2| be an integer. We define A, ,c to be the set of iso-
morphism classes of g-dimensional superspecial polarised abelian varieties (X, A) whose
polarisation X satisfies ker(\) ~ a2¢. Its mass is

1
Mass(Agpr) = D, o
(X, N)EA  pe ’

In particular, Mass(Ag ,c) is a special case of Mass(A;), cf. Definition 2.2. Note that
the p-divisible group of a superspecial abelian variety of given dimension is unique up to
isomorphism. Furthermore, the polarised p-divisible group associated to any member in
Ay pe is unique up to isomorphism, cf. [13, Proposition 6.1]. Thus, if z = (X, \) is any
member in Ay e, then we have Ay = Ag pe.
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Theorem 2.4.
(1) For any g > 1, we have

(— )q(q+1)/2 9

g
5 [Tca—=2i)-TI@" + (1))
=1

i=1

Mass(Ag1) =

(2) Foranyg>1and0<c<|g/2], we have

( g(9+1 /29 9—2¢ ¢

H<1—22 11 bR (G

i=1 i=1

Mass(Ag pe) =

. i 1(1021_1) .
T, (% — ) TI (v — 1)

Proof. (1) See [3, p. 159] and [6, Proposition 9]. (2) This follows from [4, Proposi-
tion 3.5.2] by the functional equation for ((s). See also [23] for a geometric proof in the

case where g =2c. O

Using the fact that {(—1) = —1/12,{(—3) = 1/120 and {(-5) = —1/(42 - 6), we
obtain the following corollary.

Corollary 2.5. Let g = 3.

(1) If c = 0, then Ay pe = Az 1 consists of all principally polarised superspecial abelian
threefolds, and

(p—1)(P*+1)(p* - )

Mass(As 1) = S0 31 5.7

(4)

2) If c =1, then A, - = A3, consists of all polarised superspecial abelian threefolds
g.p P
whose polarisation A has ker(\) ~ o, X ), and

(p-DEP*+1P*-1)
210.34.5.7

Mass(A3z ) = (5)

2.8. From superspecial to supersingular mass formulae
For a (not necessary principally) polarised supersingular abelian variety = (Xo, Ag)
over k, let G, be the automorphism group scheme over Z associated to x; for any

commutative ring R, the group of its R-valued points is defined by

G.(R) = {g € (End(Xo) @z R)* : ¢"Xog = Ao}. (6)
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Definition 2.6. For a connected reductive group G over Q with finite arithmetic subgroups
and an open compact subgroup U C G(Ay), we define its (arithmetic) mass Mass(G, U)
by

h

1

Mass(G,U) =) T ;= G(Q)NeUc
i=1 1

T
where {c1,--- ,cn} is a set of representatives for the double coset space G(Q)\G(Ay)/U.

Proposition 2.7. For any object x = (Xo, Ao) € Sy p+(k), there is a natural bijection of
pointed sets

Ay = G (Q\G(Ay) /G (Z).

Moreover, if (X,\) is a member of A, which corresponds to the class [c] under the
bijection, then Aut(X,\) ~ G.(Q) N cG.(Z)c™t. In particular, we have

Mass(A,) = Mass(Gy, G (Z)),
cf. Definition 2.2.

Proof. See [25, Theorems 2.2 and 4.6]. Also see [27, Proposition 2.1] for a proof
sketch. O

Definition 2.8. Let Uy, Uz be two open compact subgroups of G, (A ). Then we define

[Ul : U1 N UQ]

WU U2) = G ATl

Interpreting the mass from Definition 2.6 as the volume of a fundamental domain,
with notation as above, we have the following lemma.

Lemma 2.9. Let Uy, Uy be two open compact subgroups of Gy(Ay). Then their (arith-
metic) masses compare as

Mass(Gy, Us) = (U1 /Us)Mass(G,, Uy).

Lemma 2.10. Let X be a supersingular abelian variety over k. Then there exists a pair
(Y, ), where Y is a superspecial abelian variety and ¢ : Y — X is an isogeny such
that for any pair (Y',¢') as above there exists a unique isogeny p : Y' — Y such that
@' =¢pop.

Dually, there exists a pair (Z,7), where Z is a superspecial abelian variety and = :
X — Z such that for any pair (Z',7") as above there exists a unique isogeny p : Z — Z'
such that v/ = po-.
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Proof. See [13, Lemma 1.8]; also see [24, Corollary 4.3] for an independent proof. The
proof of [13, Lemma 1.8] contains a gap; see Remark 3.17 for a counterexample to the
argument. O

Definition 2.11. Let X be a supersingular abelian variety over k. We call the pair (Y, ¢ :
Y — X)) or the pair (Z,v: X — Z) as in Lemma 2.10 the minimal isogeny of X.

Proposition 2.12. Let x = (X, \) € S p+ (k) and let ¢ : X — X be the minimal isogeny
of X. Put T = (X, ), where A := @*\. Let (M, {,)), (M, (,)) denote the quasi-polarised
(contravariant) Dieudonné module of X,)?, respectively. Then ¢ induces an injective
map ¢* : End(X[p>°]) < End(X[p™]), or equivalently ¢* : End(M) < End(M), and

we have

Mass(A,) = [Aut((X, ))[p>]) : Aut((X, \)[p])] - Mass(A)

~ (7)
= [Aut(M, (,)) : Aut(M, (,))] - Mass(Az).

Here the injective map @™ yields the inclusion map Aut(M, (,)) C Aut(M, (,))-
Proof. This may be regarded as a refinement of [22, Theorem 2.7]. Through the isogeny

p, we may view G;(Z) and @*Gm(i) as open compact subgroups of the same group
Gz(Ay). Using Proposition 2.7 and Lemma 2.9, we see that

Note that GE(Z) and ¢*G,(Z) differ only at p. By [24, Proposition 4.8], every en-
domorphism of X[p] lifts uniquely to an endomorphism of X[p°°]. This shows the

injectivity of the map ¢* : End(X[p>°]) — End(X[p>°]). Therefore, we have the inclu-
sion G,(Zp) = Aut((X, \)[p™]) — Gz(Zp) = Aut((X, X)[p™]) via ¢* and find the first
part of Equation (7).

By Dieudonné module theory, for any polarised supersingular abelian variety (X, \)
with quasi-polarised Dieudonné module (M, (,)), we may identify Aut((X, A)[p>°]) with

Aut(M, (,)). This yields Equation (7). O

To summarise, the results of this section provide the following strategy for obtaining
a mass formula for any principally polarised supersingular abelian variety:

(a) For any supersingular abelian variety x = (X, A), construct the minimal isogeny
v :(X,A) = (X, ) from a suitable superspecial abelian variety 7 = (X, \).
(b) Use Theorem 2.4 (or Corollary 2.5 if g = 3) to compute Mass(Az).
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(¢) Compute the local index [Aut(M, (,)) : Aut((M, (,))], cf. (7).
(d) Compute Mass(A;), i.e., compare Mass(Az) and Mass(A,) by applying Proposi-
tion 2.12.

We will carry out these steps, in particular Step (c), in the next sections in the case
where g = 3. In the next section, we start by studying in detail the moduli space 73 1
of supersingular principally polarised abelian threefolds and the minimal isogenies (cf.
Definition 2.11) between threefolds.

3. Structure of the supersingular locus .3 1

In this section we describe the supersingular locus .#3 ;. Its structure will be used to
determine minimal isogenies, cf. Proposition 3.16. Finer structures will be introduced in
order to compute the local index in Step (c) in the previous section.

3.1. The supersingular locus S5 1 and the mass function

To describe the moduli space .#3 1 of supersingular principally polarised abelian three-
folds, we will use the framework of polarised flag type quotients (for g = 3) as developed
by Li and Oort [13], which we will briefly describe below (for any g > 1). Then we will
introduce the stratification of .7 ; induced by the mass values and its local analogue.

For any abelian variety X, denote by P(X) the set of isomorphism classes of principal
polarisations on X.

Let E/F,2 be a supersingular elliptic curve whose Frobenius endomorphism is 7 =
—p and denote Fy = F ®F, k. Since every polarisation on EY is defined over F2, we
may identify P(EY) with P(E?). Recall that an a-group of rank r over an Fj,-scheme S is
a finite flat group scheme over S which is Zariski-locally isomorphic to ;. For a scheme
X over S, put X® = X X g Fs S, where Fg : S — S denotes the absolute Frobenius
morphism on S, and denote by Fx/s: X — X (P) the relative Frobenius morphism.

For each integer i > 0, let P(EY,4) be the set of isomorphism classes of polarisations A
on EY such that ker A = E[F{] with F = Fg/r , and set P*(EY) := P(EY,g—1). The map
X = pll0=D/2I )\ gives a bijection P(EY) — P*(E9) if g is odd and P(E?,1) = P*(EY)
otherwise. Moreover, the map A — (E{,\) gives a bijection P(EY) — Ay when g is
odd and P(E9,1) — Ay pe when g = 2c is even. Thus,

Ag1, if g is odd;

Ag pe, if g =2cis even.

P (EY) ~ { (8)

It is known that |[Ag 1| = Hy(p, 1) for any positive integer g and |Ag pc| = Hy(1,p) for
any even positive integer g = 2¢, where Hy(p,1) (resp. Hy(1,p)) is the class number of
principal genus (resp. the non-principal genus); see [13] for details.
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Definition 3.1. (cf. [13, Section 3])

(1) Let g > 1 be an integer. For any p € P*(EY), a g-dimensional polarised flag type
quotient (PFT() with respect to p is a chain of g-dimensional polarised abelian
schemes over a base Fp2-scheme S

(Yo, p0) : (Vgo1, Ago1) 55 (Yyoa, Agoa) 25 -+ 225 (Y1, M1) 25 (Yo, M),

such that:

() (V1. A1) = (B7, 1) Xspec » S

(ii) ker(p;) is an a-group of rank ¢ for 1 <i < g—1;

(iii) ker();) € ker(V/ o Fi=J) for 0 < i < g—1and 0 < j < [i/2], where F =
Fy,ys Y — Yi(p ) and V = Vy,/s - Yi(p ) - Y; are the relative Frobenius and
Verschiebung morphisms, respectively.

In particular, \g is a principal polarisation on Yy. An isomorphism of g-dimensional

polarised flag type quotients is a chain of isomorphisms (a;)o<i<g—1 of polarised

abelian varieties such that a, 1 =idy,_,.
(2) A g-dimensional polarised flag type quotient (Y, pe) is said to be rigid if

ker(Y,_1 = Y;) =ker(Y,_1 — Yo) N Y, 4[F ] for1<i<g-—1,

where Y, _1[F9~ 17" :=ker(F9~ 177 : Y, — Yg(fgl_l_i))-

(3) Let #,, (resp. &, ,) denote the moduli space over [z of g-dimensional (resp. rigid)
polarised flag type quotients with respect to pu.

Clearly, each member Y; of (Y,, pe) is a supersingular abelian variety.
Definition 3.2. For an abelian variety X over k, its a-number is defined as
a(X) := dimy, Hom(a,, X).

The a-number of a Dieudonné module M over k is defined as a(M) := dim(M/(F,V)M).
If M is the Dieudonné module of X, then a(M) = a(X). When = € &, ,, corresponds
to a polarised flag type quotient (Yy—1,Ag—1) = -+ = (Y1, A1) = (Y0, Ao), we say that
its a-number is a(z) = a(Yp).

According to [13, Lemma 3.7], &, , is a projective scheme over Fj2: and &, , C &2, ,
is an open subscheme. Thus, &, . & quasi-projective scheme over F,2. The projection to
the last member gives a proper F,-morphism

pry - '@g,ufp — S,

(Y;vpo) — (YZ), )\0)
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Theorem 3.3 (Li-Oort).

(1)

(2)

3)

The natural morphism

pry H @/g%ﬁp — S (9)

HEP*(E9Y)

s quasi-finite and surjective.
For every p € P*(E9), the scheme &, , is non-singular and geometrically irreducible
of dimension |g*/4|. Moreover, the a-number 1 locus 2 ,(a = 1) is open and dense

; !
mn '@9#

The morphism pry induces a surjective birational morphism

pry : H gz,!]#hﬁp/G/‘ — yg’l, (10)

REP*(E9)

where G, := Aut(EY, 1) is the automorphism group of (E9, ). Moreover, it induces
an isomorphism on the a-number 1 loci:

pro: [ 2y, (@=1/Gu = Fa(a=1). (11)

uEP*(E9)

The supersingular locus .7 1 is equidimensional of dimension |g?/4]. The a-number
1 locus Sy 1(a = 1) is open and dense in Sy 1. It has

{Hg(p, 1), for odd integer g; (12)

H,(1,p), for even integer g

geometrically irreducible components.

Proof. See [13, Section 4]. O

Note that &7 u C Ps5, is dense, while for general g the open subscheme 99 0 C Py

is no longer dense, cf. [13, Section 9.6].

Definition 3.4.

(1)

Let k be an algebraically closed field of characteristic p > 0 and let
Mass : S, 1(k) = Q, =z +— Mass(x) := Mass(A,)

be the mass function. For each mass value r € Q, i.e. r = Mass(z) for some point
x € Sy1(k), define a subset
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Fgir ={x € (k) : Mass(xz) =r}. (13)
Then we have a decomposition of the supersingular locus into subsets

Fy1(k) =[] Zor (14)

where 7 runs through all mass values. Each subset .7 1, is called the mass stratum
with mass value r, and the decomposition (14) is called the mass stratification of
Fga(k).

(2) For each u € P*(EY), consider the pull-back of the mass function on % 1 (k) by prg.
We obtain the mass function on &, ,,(k):

Mass : 2, (k) = Q, y > Mass(y) := Mass(Apry(y))-

Similarly, we define the mass stratum &, , , for each mass value r € Q as in (13)
and obtain a decomposition of Z; ,(k) into mass strata:

Pguk) = H Py (15)

called the mass stratification of 2, (k).

When g = 1, the supersingular locus ., ; consists of one mass stratum. When g = 2,
there are three mass strata: one stratum with a-number 2 and two strata with a-number
1. Each mass stratum is a locally closed subset and the collection of mass strata satisfies
the stratification property, namely, the closure of each stratum is the union of some strata
cf. [27]. When g = 3, we will see again from our computation that each mass stratum
is a locally closed subset on both &3, and .3 ;. However, the collection of mass strata
does not satisfy the stratification property on &3, (because the structure morphism
m: P3, — C constructed in Proposition 3.7 admits a section 7', which will be formally
introduced in Definition 3.14) but it does on its open dense subscheme &7} = %3, —T.
We expect that every mass stratum is a locally closed subset for general g. The mass
stratification encodes arithmetic information (automorphism groups and endomorphism
rings) of supersingular abelian varieties. For example, we will see in Section 6 that the
automorphism groups of supersingular abelian threefolds jump only when the objects
cross different mass strata. Since arithmetic properties generally do not respect geometric
properties, we are less optimistic that the collection of mass strata of 9;7# satisfies the
stratification property.

Now we introduce a local analogue of the mass stratification where the underlying
space .1 is replaced with the moduli space of supersingular p-divisible groups, namely,
the supersingular Rapoport-Zink space.

Fix a g-dimensional principally polarised superspecial abelian variety 2o = (Xo, Ax,)
over I, and let X, = (Xo, \x,) = (X0, Ax, )[p>°] be the associated principally polarised
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p-divisible group. Let j/]F—O be the Rapoport-Zink space over Fp classifying principally
P —
polarised quasi-isogenies of (X, Ax,) of height 0. For each F,-scheme S, ///FO (S) is the
p
set of isomorphism classes of pairs (X, p)s, where

(i) X = (X, Ax) is a principally polarised p-divisible group over S;
(ii) p: X — X is a quasi-isogeny over S such that p*Ax = Ax,.

Two pairs (X, p1) and (X,, p2) are isomorphic if there exists an isomorphism o : X; —
Xy such that avo p; = pa. One easily sees a*Ax, = Ax,. The Rapoport-Zink space ///%
P

is a scheme locally of finite type over I, cf. [18, Theorem 3.25 and Corollary 2.29)].

Let Gx, be the automorphism group scheme of X, over Z,. The group Gx (Q,) of
Qp-valued points consists of polarised quasi-self-isogenies of X, over k; it is a locally
compact topological group. Choose a Haar measure on Gx, (Q,) with volume one on
the maximal open compact subgroup Gx (Z,) = Aut(X,). For each k-valued point
x = (X,p) € //lfop(k)’ we may regard its automorphism group Aut(X) as an open

compact subgroup of Gx,(Q,) by inclusion:
p*r Aut(X) — Gx,(Q,), hrplohop.
Definition 3.5. Let the notation be as above. Define a function on //l%p (k) by
vidy (k) = Q. x=(X,p)— v(x) = vol(p*(Aut(X))) ™. (16)
For each v-value r € Q, that is, r = v(x) for some x € ///FOP(k), consider the subset
MO =z € A2 (k) o(x) =1},

for which the function v takes value r, called the v-stratum with v-value r. The Rapoport-
Zink space then decomposes in subsets:

g (k) =127,

where r runs through all v-values in Q, called the v-stratification of //l% (k). Observe that
p

the collection of v-strata is independent of the choice of the Haar measure on Gx, (Q))

as the function v’ associated to a different Haar measure is just a multiple of v by a

scalar.
Let
T %]ITQP — y‘%l

be the Rapoport-Zink uniformisation morphism, cf. [18, 6.13].
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Proposition 3.6. The stratification of///]FQ (k) obtained by the pull-back of the mass strat-
P
ification of S41(k) by T coincides with the v-stratification.

Proof. We compare the functions v and 7 Mass = Masson. Let x = (X, p) be a k-
valued point in ///]F—Op (k). Then x lifts to a pair ((X,Ax),p) of a principally polarised
supersingular abelian variety (X, Ax) and a polarised quasi-isogeny p : (Xo,Ax,) —
(X, Ax). By the construction of [18, 6.13], the map 7 sends x to = := (X, Ax). Using
Proposition 2.7 and Lemma 2.9, we see that

Mass(z) = Mass(A;) = %‘%M%S(Axo)
B Mass(A,,) B
= ol A (X)) Mass(zg) - v(x).

Thus, 7* Mass(x) = Mass(zo) - v(x) for x € ///]F—O (k) and the assertion follows. O
P

3.2. The structure of /51

Hereafter we will only treat the case where g = 3. For brevity, we write &7, and
3% for &5 ,, and @é ,» respectively. Roughly speaking, Equation (9) says that each &7,
approximates an irreducible component of the supersingular locus .#% 1. More precisely,
one can show the following structure results; for more details, we refer to [13, Sections 9.3-
9.4]. Let C C P2 be the Fermat curve defined by the equation X?™' 4+ X214 xP+ — g,

Proposition 3.7. The Fermat curve C can be interpreted as the classifying space of
isogenies (Yo, X2) — (Y1,\1) whose kernel is locally isomorphic to af,. Moreover,
there is an isomorphism &, ~ Pc(0(—1) & O(1)) for which the structure morphism
7w Po(O0(—1) @ O(1)) — C corresponds to the forgetful map ((Yz,A2) — (Y1,A1) —

(Y()»)‘O)) = ((YQ’AQ) - (Yla)‘l))'

Proof. Let M, be the polarised contravariant Dieudonné module of Y5. Choosing an

2

isogeny po from E} such that ker(ps) ~ a2 is equivalent to choosing a surjection of

Dieudonné modules My — k2. Since Frobenifls F and Verschiebung V act as zero on k2,
this is further equivalent to choosing a one-dimensional subspace of the three-dimensional
(since a(Y2) = 3) k-vector space Ms/(F,V)Ms which corresponds to a point (¢; : to :
t3) € P2 = P((My/(F,V)Mz)*).

The polarisation A2 = pu descends to a polarisation A\; on Y; through such ps, and
the condition ker(A1) C Y7[F] is equivalent to the condition

et 8t =0,

which describes the Fermat curve C of degree p + 1 in P2. For precise computations, we
refer to [12].
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Let M; be the polarised Dieudonné module of Y7: the polarisation A; induces a quasi-
polarisation D(\;): My — Mj, and we regard M," as an submodule of M; under this
injection. One has the inclusions My C VMy C M as VM is self-dual with respect to the
quasi-polarisation induced by A; and VMs = (F, V)M C M;. Choosing a second isogeny
(Y1, A1) — (Yo, Ao) is equivalent to choosing a one-dimensional subspace of the two-
dimensional vector space M7 /M, . Thus each fibre of the structure morphism 7: &, — C
is isomorphic to P ((M; /M, )*) ~ P! and this fibration corresponds to a rank two vector
bundle ¥ on C. The canonical one-dimensional space (F,V)My/M,' C M, /M, defines
a section s of m: &, — C and corresponds to a surjection ¥ — &(—1). By the duality
of polarisations, we see that ¥ is an extension of €/(—1) by €(1) and this extension
splits. O

Since the Fermat curve C is a smooth plane curve of degree p+ 1, its genus is equal to
p(p —1)/2. Let Us(F,) C GL3(F,2) denote the unitary subgroup consisting of matrices
A such that ATA®P) = I3. We see that for each A € Us(F,) and t € C, the matrix
multiplication A - ¢7 lies in C. This gives a left action of Us(F,) on the curve C. It is
known that |Us(F,)| = p3(p + 1)(p* — 1)(p® + 1).

A curve is F2e-maximal (resp. minimal) if its Frobenius eigenvalues over [F,2x all equal
—p¥* (resp. p*). From the well-understood behaviour of Frobenius eigenvalues under field
extensions we then derive the following lemma.

Lemma 3.8. We have |C(F,2)| = p*+ 1. Thus, it is Fp2-mazimal and hence Fya-minimal.
Fp4).

Moreover, we have C(Fy2) = C(Fps). Furthermore, we have

|C(F,2:)

2 4 i+2 _ it Y .
P+ ptTe —pT + 1 ifiis odd;
| = { (17)

p?t —pit2 4 pitt 11 ifi is even.
Proof. For each t = (t;) € C(F,2), let s; = tf“. Then s; € F, and s1 + s2 + s3 = 0. So
there are p + 1 points (s;) in P1(F,). For each point (s;), there are p+ 1 (resp. (p+ 1)?)

points (¢;) over (s;) if some of the s; are zero (resp. otherwise); there are 3 points (s;)
with s; = 0 for some 7. Thus,

[C(Fp2)| = (p+1-3)(p+1)>+3(p+1) =p° + 1.
One checks that this means C' is Fp.-maximal. Hence, C' is Fps-minimal and satisfies
|C(Fps)| = p® + 1. Since C is F2i-maximal (resp. Fp2-minimal) if ¢ is odd (resp. even),

the formula (17) follows immediately. 0O

Lemma 3.9. Let t = (t1 : to : t3) € C(k). Then t € C(F,2) if and only if t1,t2,t3 are
linearly dependent over IF)2.

Proof. See [16, Lemma 2.1]. Alternatively, we give the following independent proof:
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The forward implication is immediate, so we will only show the reverse implication.
2 4
tr

Assume t1,19,t3 are linearly dependent over Fj2. Then the vectors (¢;,t} ,t7 ) for i =

1,2,3 are k-linearly dependent. If (¢;,t¥ 2, t? 4) for i = 2,3 are linearly independent, then
there exist a, b € k such that t; = at? ’ +bt? ! for i = 1,2, 3. If they are linearly dependent,
then there exists a’ € k such that ¢¥ " = a't? " for i = 1,2,3 and hence t; = at? * with
a?’ = a'. Therefore, there exist a,b € k such that ¢; = atﬁ72 + btﬁ74 for i = 1,2,3 in either
case. Substituting this into the defining equation of C, we obtain

3 3 3 3
2 3 2 5 3 4 4 5
APTEN H ab? Y C aPh Y P 4ty P =,

i=1 i=1 =1 =1

Again using the defining equation of C, we see that the first, third, and fourth terms
2 5 3

vanish, so that also ab? 327 7 7" = abp? (327 7 *1* = 0. If @ = 0 then the point

t = (t1 : to : t3) is defined over F,« and hence, by Lemma 3.8, it is defined over F 2. If

b = 0, then t is defined over Fj2 as well. So we may assume that Z?:1 th'H = 0. Let

3 3 3

Z = V(XV T 4 X2 4 X2 be the Fermat curve of degree p* + 1. Then t € C'N Z.
The intersection number of C' and Z is (p + 1)(p® + 1) and each point of C(F,2) is in
C N Z. Since |C(F,2)| = p* + 1 by Lemma 3.8, it is enough to show that for each point
s € C(F,2), the local multiplicity of C' and Z at s is p+ 1. Since the unitary group Us(F),)
acts transitively on C(F,z2), we may assume that s = (¢ : 0 : 1) where ¢(?™! = —1. With
local coordinates v = X; — ¢ and w = X5, the respective equations for C' and Z at y
become vPHL + CvP + (v + wPtt and vP L + CoP” + (Pu + wP L. Now we may read off
that the local multiplicity, i.e., the valuation of v at s, is p + 1, as required. O

We will denote C° := C'\ C(F,2). Slightly abusively, we will tacitly switch between
the notations (t1,%2,t3) and (¢ : 2 : t3). For later use, we define the following:

Definition 3.10. For ¢t = (¢, ta,t3) € k3 (viewed as a column vector), let
End(t) = {A € Matg(F,2): A-t € k- t}.

Lemma 3.11. For any t € C°(k), the F,2-algebra End(t) is isomorphic to either F,2 or

Fo.

Proof. For any A € End(¢), we have A -t = a4t for some ay € k. The map

End(t) — k
A A
is an Fj2-algebra homomorphism. It is injective, i.e., A-t = 0 with t = (¢; : t2 : t3)

implies that A = 0, since the ¢; are linearly independent over Fj> by Lemma 3.9. Hence,
End(¢) is a finite field extension of Fp2. Since End(t) C Mats(F,2) = End((F,2)?), we
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may regard (F,2)® as a vector space over End(t). It follows that [End(t) : Fp2] | 3, as
required. 0O

Lemma 3.12. We have
CM = {t € C°(k) : End(t) ~ Fpo} = C°(F). (18)

Proof. The containment {¢t € C°(k) : End(t) ~ Fe} C C°(Fps) is immediate, because ¢
is an eigenvector of a matrix in Mats(F,2) and can be solved over the ground field Fe.
We will now prove the reverse containment.

For each ¢t € C°(F,s), we construct for each element o € Fps a matrix A € Matz(Fpe)
as follows

A=A, = (t,t(pZ),t(p4)) -diag(a7ap2,ap4) . (t,t(pz),t(p4))_1.

Since the t; are linearly independent over Fj2 by Lemma 3.9, the matrix (t,t(pz),t(p4))
is invertible. We check that

AP = @) 40N 1) diag(a?, af’a) - (1P, 1@ ¢)~!

00 1 010
= (t®) 4@ (1 0 0)-diag(a?,a? ,a)- [0 0 1) (¢, t@) @)1
010 100

:A7

and hence A € Mat3(F,2). We also have that A, -t = at. Thus, the map o € Fjs — A,
gives an isomorphism F,s ~ End(t), as required. O

Remark 3.13.

(1) We can also show that Us(F,) acts transitively on C°(F,s) = CM. The action on
C(F,2) is also transitive, with stabilisers of size p®(p + 1)(p? — 1); this gives another
proof of the result |C(F,2)| = p* + 1.

(2) The proof of Lemma 3.11 proves the following more general result. Let F' be any field

contained in a field K and t1,to,...,t, be a set of F-linearly independent elements
in K. Put t = (t1,...,t,)" and End(¢) := {A € Mat,,(F) : A-t C K-t}. Then End(t)
is a finite field extension of F' of degree dividing n.
Furthermore, suppose that ¢1,...,t, are contained a degree n subextension E of F
in K. Then the F-basis t1,...,t, of E determines an F-algebra embedding r : £ —
Mat,, (F') which is characterised by r(a) - t = at for every a € E. Thus, E ~ End(t)
and ¢ is an eigenvector of a matrix in Mat, (F'). This is an abstract way of doing
what is done explicitly in the second part of the proof of Lemma 3.12.
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Definition 3.14. The morphism 7 : &, — C admits a section s defined as follows. For
a base scheme S, let ps : (Ya,pu) — (Y1, A1) be an object in C(S). Put (YQ(p),,u(p)) =
(Y, ) xg,rs S, where Fg : S — S is the absolute Frobenius map. The relative Frobenius
morphism F : Yy — YQ(p ) gives rise to a morphism of polarised abelian schemes F :
(Ya,pp) — (Y;p)7 u®)). Since ker(ps) C ker(F), the morphism factors through an isogeny
P YT — YQ(p). As pspip® = F*u®P) = pu = piA;, we see that piu® = X\ and thus
obtain a polarised flag type quotient

(Yo, pp) —2— (Yi, M) —2— (V3P ).
This defines the section s, whose image will be denoted by T.

Recall the definition of the a-number from Definition 3.2. For an abelian threefold X
over k, we have a(X) € {1,2,3}.

Proposition 3.15. Let the notation be as above.

(1) We have & = 2, —T.

(2) If x € T then we have a(z) = 3.

(3) For any t € C(k), we have t € C(Fy2) if and only if a(z) > 2 for any x € 7~ 1(¢).
(4) For any x € Z,(k), we have a(x) =1 if and only if x ¢ T and w(x) ¢ C(F,2).

Proof. See [13, Section 9.4]. O
3.3. Minimal isogenies

Given a polarised flag type quotient Y5 = F 22 ¥} 25 Y = X, the composite map
props: (Ya,X) = (Yo, A0) = (X, ) is an isogeny from a superspecial abelian variety
Y5. Thus, this isogeny factors through the minimal isogeny of (X, \):

(Ya, A2) 22222 (X, ) & (X, N).

Since every member (X,\) € %5 1(k) can be constructed from a polarised flag type
quotient (Y, pe), we can construct the minimal isogeny of (X, A) from (Y, pe).

To describe the minimal isogenies for supersingular abelian threefolds in more detail,
in the following proposition we separate into three cases, based on the a-number of the
threefold.

Proposition 3.16. Let (X, \) be a supersingular principally polarised abelian threefold
over k. Suppose that (X, \) lies in the image of @ZL under the map @L — 31 for some
w € P(E3), so that there is a unique PFTQ over (X, \).
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(1) If a(X) =1, then the associated polarised flag type quotient (Ya, Ag) L5 (Y1, A1) 25
) =

1
(Yo, Xo) = (X, \) gives the minimal isogeny o := p1 o pa of degree p3.
(2) If a(X) = 2, then in the associated polarised flag type quotient Yo = E} — Y; —
Yo = X we have a(Yy) = 3, so Yy is superspecial. Thus, the minimal isogeny is
p1: (Y1, 1) = (X, A\) of degree p, where piA = A1 satisfies ker(A1) >~ o X ayp.
(3) Ifa(X) =3, then X is superspecial. Thus, X is k-isomorphic to E} and the minimal
isogeny is the identity map.

Proof. (1) Let My, My, My denote the Dieudonné modules of Ys,Y7,Yy = X, respec-
tively. Then a(Mz) = 3. Suppose that a(My) = 1. By Proposition 3.15, this
corresponds to a point ¢t = (t1 : t2 : t3) ¢ C(F,2). We claim that a(M;) = 2, which
implies the statement. The Dieudonné modules satisfy the following inclusions:

My DO M, ) My
Q Ul Ul Q
(F,V)My >  (F,V)My = (F,V)My
Q Ul Q Ul Q
(F7V)2M2 = (F7V)2M1 = (F7V)2MO«

All inclusions follow from the construction of flag type quotients. For the equalities,
we note the following: Since My is superspecial of genus three, we have (F,V)M; =
FMQ, (F7V)2M2 = ng, and

dim (M, /FMs) = dim(FM,/pMs) = 3.

It follows from the definition of flag type quotients that dim(M;/FMy) = 1, so
M, /F M is generated by one element, namely the image of ¢ (abusively again denoted
t). So (F,V)M;/pM> is two-dimensional and generated by the two elements Ft and
Vt, which are k-linearly independent since ¢t ¢ C(F,2), by Lemma 3.9. Using this, we
see that

dim(FM,/(F,V)M;) = dim(FM,/pMy) — dim((F, V)M, /pMs) = 1

and a(M;) = dim(M;/(F,V)M;) = 2, as claimed. It follows from dim(M;/My) =1
and a(M;) = 2 that dim(My/(F,V)M;) = 1. As we have assumed that a(My) =
dim(Mo/(F,V)Mp) = 1, the latter implies the equality (F,V)M; = (F,V)M,. Since
dim(My/(F,V)M;) = 1 and dim(My/pMs) = 3, one has dim(F,V)M;/pMs) = 2.
Since t1, to, t3 are F2-linearly independent by Lemma 3.9, the vectors F?¢, pt and V2t
in FM,/pF M, span a 3-dimensional subspace and hence dim((F, V)2 M; /pFM,) = 3.
This shows the equality pM, = (F,V)?M; = (F,V)2M,.

Now put ® := 1+ FV~1. We have shown that V®M, = (F,V)M; is not superspecial
and that ®2M, = M, is superspecial. Therefore, My is the smallest superspecial
Dieudonné module containing M. This proves that p; o ps : Yo — X is the minimal
isogeny.
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(2) When a(Mj) = 2, this corresponds to a point t = (¢ : ta : t3) € C(FF,2). Using the
notation from the previous item, we still have that (F,V)M; /pMs is generated by F¢
and V¢, but since the ¢; are F,2-linearly dependent, we have dim((F, V)M, /pM,) =1,
so a(My) = 3. Since ker(A;) C Y1[F] ~ o}, we have ker(\) ~ a2, as claimed.

(3) The fact that a(X) = 3 if and only if X is superspecial is due to Oort, [15, Theo-
rem 2]. O

Remark 3.17. The proof of [13, Lemma 1.8] uses the claim: If X is a g-dimensional
supersingular abelian variety with a(X) < ¢, and X’ := X/A(X), where A(X) is the
maximal a-subgroup of X, then a(X’) > a(X).

Now take Y7 the abelian threefold as in Proposition 3.16(1). We have computed
a(Y1) =2 and

a(Y1/A(V1)) = a((F,V)M;) = dim (F, V)Mo /(F,V)>M;
dim My/(F,V)*M; — dim My/(F,V)My = 2.

This gives a counterexample to the claim.
4. The case a(X) > 2

Let x = (X,\) € S31(k) with a(X) =2 and let y € &, ~ PL(O(—1) & O(1)) be the
point corresponding to the PFT(Q over it:

(Y2, A2) 25 (Y1, M) 25 (Yo, Ao) = (X, N).

By Propositions 3.15 and 3.16, (Y1, A1) corresponds to a point ¢t = (t1,t2,t3) € C(F)2)
and u € P}(k) := 7~ 1(t). Moreover, p; : (Y1,A1) — (X, ) is the minimal isogeny. Put
x1 = (Y1,A1). Then A,, = A3, and by Corollary 2.5 and Proposition 2.12 we have

(p-DE*+1)P°-1)

Mass(A;) = S0 3157

“[Aut(My, () = Aut(M, (,))], (19)

where (M, (,)) C (My,(,)) are the quasi-polarised Dieudonné modules associated to
(}/17 )\1) — (X, )\)

Let M)’ denote the dual lattice of M7 with respect to (,). Then one has MY C M C
M; and M/My € P(M;/MY) = P}(k) is a one-dimensional k-subspace in M; /My’ .
Since the morphism ps is defined over F., the threefold Y; is endowed with the -
structure Y with Frobenius my; = —p. The induced [Fp2-structure on P} is defined by
the F2-vector space Vy := My /M, where My := {m € M; : Fm + Vm = 0} is the
skeleton of My, cf. [13, Section 5.7].

Since ker(A1) =~ a, X @, the quasi-polarised superspecial Dieudonné module (M, (,))
decomposes into a product of a two-dimensional indecomposable superspecial Dieudonné
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module and a one-dimensional such module. By [13, Proposition 6.1], there is a W-basis
e1, €2, €3, f1, fa, f3 for My such that Fe; = —Ve; = f;, Ffi = =V f; = —pe; fori=1,2,3,

(en,e2) =p ", (fi.fo) =1, (es, fs) =1,

and other pairings are zero. Then M/’ is spanned by pey, p2, €3, f1, f2, f3 and My /M) =
Spanj{eq,ea}. Let u = (u1 : uz) € P}(k) be the projective coordinates of the point
corresponding to M/M,’. That is, M/My’ is the one-dimensional subspace spanned by
u = u1€1 + uaes, where €; denotes the image of e; in My /My .

If u € P}(Fp2), then a(M) = 3 and Mass(A,) is already computed in Corollary 2.5.
Suppose then that u ¢ P} (F,2). In this case, My (resp. My') is the smallest (resp. max-
imal) superspecial Dieudonné module containing (resp. contained in) M. Thus,

End(M) = {g € End(M,) : g(My") € My, g(M) C M}.
Consider the reduction map
m : End(M;) = End(M?) — End(M?/M}°) = Endg , (Vo) = Maty(F)2 ).
It is clear that End(M) contains ker(m) and that m induces a surjective map
m : End(M) — m(End(M)) = {g € Maty(Fp2) : g-u C k- u}.
Write End(u) := {g € Maty(F,2) : g-u C k- u}.
Lemma 4.1.

(1) Ifu € P}Fpa) — PHFy2), then End(u) C Mato(F,2) is an Fp2-subalgebra which is
isomorphic to Fpa.
(2) Ifu € P}k)—P}Fp), then End(u) = F

p2.

Proof. This is a simpler version of Lemmas 3.11 and 3.12 so we omit the proof; cf. also
[27, Section 3]. O

Put (,)1 := p(,). Then (,); induces a non-degenerate alternating pairing, again
denoted (,)1 : Vo x Vy — Fp2. The reduction map m then gives rise to the following map

m : Aut(My, (,)) = Aut(Mi, (,)1) — Aut(Vo, (,)1) ~ SLa(Fp2). (20)
Lemma 4.2. The map m : Aut(My, (,)) = Aut(Vp, (,)1) is surjective.

Proof. Since Y7 is supersingular, we have that End(Y;) ® Z, ~ End(M;) and that
Gy, (Z)) ~ Aut(Mq, (,)); recall the notation from (6). The group scheme G, ® Z,, is a
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parahoric group scheme and in particular is smooth over Z,,. Thus, the map G, (Z,) —
Ga, (Fp) is surjective. Now Aut(Vp, (,)1) = Resg ./, SL2 viewed as an algebraic group
over IF,, is a reductive quotient of the special fibre G, ®F,,. Therefore, the map G, (F,) —
Aut(Vp, (,)1) = SLa(F)2) is also surjective. This proves the lemma. O

We now prove the main result of this section.
Theorem 4.3. Let v = (X, \) € S31(k) with a(X) > 2 and let y € 2, (k) be a lift of x

for some p € P(E3). Write y = (t,u) where t = w(y) € C(Fp2) and u € 7 (t) = P} (k).
Then

Mass(A,) = ﬁ, (21)
where
P-DE*+1E* -1) if u € PHFp2);
Ly=q(@-1)@+1)@* - 1)p" - p?) ifu € PHFpe) \PH(F,2);  (22)

27 (p - 1)(P* + 1)(p* = Dp*(p* — 1) if u g P} (Fp);
where e(p) =0 if p=2 and e(p) =1 if p > 2.
Proof. By Lemma 4.2,
[Aut(My, (,)) : Aut(M, (,))] = [SL2(Fp2) : SLa(Fp2) N End(u)”].

By Lemma 4.1,

IFI14 if PL(F, 4 ]P’l]Fz;
SLQ(sz)ﬂEnd(u)x_{p ifue Py (Fpe) \ Py (Fp2)

{(£1} if u g PL(F0).

It follows that

[Aut(M1 <>) : Aut(M < >)] {p2(p2 — ]_) ifue ]P’tl(IE‘p4) \]P)tl(Fp?);

|PSLo(Fp2)| if u ¢ PHFpa),
so the theorem follows from (19). O
5. The case a(X) =1

Suppose that (X, ) is a supersingular principally polarised abelian threefold over k
with a(X) = 1. By Proposition 3.16(1), there is a minimal isogeny ¢ : (Y2, u) — (X, \),
where Y2 = E3, and where p*\ = pu for p € P(E?) a principal polarisation. In this
section we will compute the local index
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[Aut((Ya, ) [p™]) = Aut((X, N)[p>])]. (23)

Let M and M be the Dieudonné modules of X and Y5, respectively. Together with the
induced (quasi-)polarisations, we have (M, (,)) and (Ma, {, )2), where (, )2 = p(,) is again
a principal polarisation. (Note that (Ma, (,)2) is the quasi-polarised Dieudonné module
associated to (Ya, 1) and not to (Ya,pu), and that pMs C M by the proof of Proposi-
tion 3.16(1).) The proof of Proposition 3.16(1) also shows that every automorphism of
M can be lifted to an automorphism of M, i.e., that Aut((M, (,))) C Aut((Ma,(,)2))-
Then equivalently to (23), cf. Proposition 2.12, we will compute

[Aut((M, (;)2)) : Aut((M, (,)))]- (24)
5.1. Determining Aut((Ma, (,)2))

Let W = W(k) denote the ring of Witt vectors over k. Choose a W-basis
e1, ez, es, f1, f2, f3 for My such that

Fei = —Ve; = fi, Ffi=-Vfi=—pe;, (e, [i)2=70i5, (ei,ej)2=(fi,fj)2=0,
(25)
for all 4,5 € {1,2,3}.

Let D, be the division quaternion algebra over Q, and let Op, denote its maximal
order. We also write D), = Q,2[Il] and Op, = Z,2[II], where Z,>» = W(F,2) and Q2> =
FracW (F,2), and where I1? = —p and Ila = @ll for any a € Q2. Here a — @ denotes
the non-trivial automorphism of Q,2/Q,. If we let * denote the canonical involution of
D,, then a* =@ for any a € Qp2, and II* = —IL

Lemma 5.1. We have End(Ms) ~ Mat3(Op,) and hence Aut(Ms) ~ GL3(Op,) (not
taking the polarisation into account).

Proof. We have End(M>) = Endg,, (M), where My := {m € My : Fm +Vm = 0}
denotes the skeleton of Mp; this is an &p -module where II acts by F and IT* acts by V.
Now the result follows by using the basis ey, es, e3 for Mats(&p,)°P (the opposite alge-

bra); we choose a convention where the matrices act on the left. We fix the isomorphism
Mats(Op, )° ~ Mats(0p) by sending A to A*. O

We fix the identification End(Ms) = Mats(Op) by the isomorphism chosen in
Lemma 5.1 with respect to the basis in (25).

Lemma 5.2. We have Aut(Ms, (,)2) ~ {A € GL3(0p,) : A*A ~ I3}.

Proof. It suffices to check that (A-e;, e;)2 = (e;, A*-e;)2 for any A € Matz(0p,) and any
1,] € {1,2,3}. Write A = (aij) and A* = (a;j) with aij = ¢ + din for Cij,dij S Zp27
and with aj; = a};. Then
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(A-ejej)e = E aiper, )2 = (dijfj,ej)2 = —dij
k

coincides with

(ei, A" - ej)a = <€i,za;k€k>2 = (e, ajyei)2 = (i, Cijei — dij fi)2 = —dij,
k

as required. O
5.2. Endomorphisms and automorphisms modulo pMy

As was pointed out earlier, the proof of Proposition 3.16(1) contains the important
observation that pMs C M. This allows us to consider the endomorphisms and auto-
morphisms of both My and M modulo p (i.e., reducing modulo pM>s) and modulo II. In
Definitions 5.3 and 5.4, we first define, and introduce notation for, all the endomorphism
rings and automorphism groups we are considering.

Definition 5.3. Let m, denote the reduction-modulo-p map and mp the reduction-
modulo-IT map. By Lemma 5.1, for Ms we have

End(Ms) = Mats(6p,) 2 Mats(Fpe [I1]) % Maty(Fz2). (26)

On the level of automorphisms (respecting the polarisation) we get

Aut(Ma, ()2) =2 Gattya) — G(May()a): (27)
where
G(My.()a) i= {A+ BT € GLy(F,2[M)) : AA" =15, BTA=74" B}, (28)

(here, BT denotes the transpose of the matrix B), and where
6(M27<,>2) ={A¢€ GLg(sz) ATA =135} (29)

Definition 5.4. For M we have End(M) = {g € End(Ms) : g(M) C M} and Aut(M) =
{g € Aut(M3) : g(M) = M}, and

AUt<M7 <v>) = {g GAUt(M27<7>2) :g(M) :M}' (30)
Under the same maps m, and m, we find
Ey i=mp(End(M)) = {A € Mats(F,2[II]) : A- M/pMy C M/pMs} (31)

and Eys := mp(Ey) C Mats(F,z2). These fit in the diagram
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End(M) — End(Ms) = Mat3(&p,)

Jmp [

Ey —————— Maty(F 2 [IT])) (32)
Jmn lmn

Ey —— Mats(F,2)

in which all horizontal maps are inclusion maps and the left vertical maps are the sur-
jective reduction maps.
On the level of automorphisms, we let

G i= mp(Aut(M)) = {A € GL3(F2(I1]) : A- M/pM, C M/pM,} (33)
and Gy := my(Gyy). For the polarised versions, since p*\ = pu, we obtain

Gy =19 € Gan, ()  9(M/pM2) € M/pMs} (34)

and

Gy =19 € G, (s) - 9(M/pMa) € M/pMs}. (35)

Denote the group of three-by-three symmetric matrices over F,2 by S3(F,2); this
group has cardinality p'? (since it a six-dimensional F,2-vector space). Also recall that
the group Us3(IF,) of three-by-three unitary matrices with entries in F,> has cardinality
P+ 1" - 1)@ +1).

Lemma 5.5. In Equation (28) we have A € U3(F,) and BT A € S3(F,2). Hence,
|G sz, ()| = [Us(EFp)| - [S5(Fp2)| = p* (0 + D (p* = D(p” +1). (36)
Remark 5.6. Now we note, cf. (24), that
[Aut((My, (,)2)) : Aut((M, ()] = [Gata,()2) * Grari)- (37)

In light of Lemma 5.5, it now suffices to compute [G(ar,,(),) : G(ar,(,))]- This will take
up the remainder of this section.

We start by studying the unpolarised automorphisms Gas,. Thus, let g = (a;; +
bijI1)1<i j<3 € GL3(F,2(II)) be an (unpolarised) automorphism of My /pM,. If we take

€1, €2, €3, f1, f2, f3 (i-e., the reductions of ey, ..., f3 in the previous subsection) as a basis
of My/pM> in this order, g can be expressed by a matrix of the form

9= (?; A(()p)> ) (38)
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where A = (ai;)1<ij<s, B = (bij)1<ij<3, and A®) = (a}})1<; j<s.

Recall from Propositions 3.15 and 3.16(1) that the polarised flag type quotient Y —
Y — X corresponds to a point t = (t; : ty : t3) € C°(k) such that M;/FM, is
generated by tie; + toes + tzes, where M; is the Dieudonné module of Y7, and a point
u = (uy : ug) € P(k) := 7~ 1(t). We choose a new basis for My /pMs as follows:

El = Z tiéi, Eg = Z tféi7 E3 = Z t?iléi,

i=1,2,3 i=1,2,3 i=1,2,3

n ror PE T p ' F

F = g tifi, Fo = § t; fi, I3 := E t;  fi
i=1,2,3 i=1,2,3 i=1,2,3

(This is a basis by Lemma 3.9.) Using this basis, ¢ is expressed as

T-1AT 0
9= (T—lBT T—lA(”)T> ’ (39)
where
p
o 8] 1
T:=1|t & #2’71 . (40)
ts th th

Now we determine the group Gy € GL3(IF,2[IT]) of elements preserving M/pM,. Any
such element will also preserve M;/pMsy. We prove the following proposition.

Proposition 5.7. Let g € GL3(F)2[I1]) be an automorphism of My/pMs, expressed as in
(38). Then g € Gy (i-e., g preserves M /pMs) if and only if the following hold:

(a) We have A-t = at for some a € k, i.e., A € End(t).
(b) The (1,1)-component of the matriz T~ BT is ugu; ' (a — ap3).

Proof. For an A € End(¢) (see Definition 3.10) with eigenvalue «, it holds by definition
that

[0 * * *
TMT—( * *),TIA(”)T— * af . (41)

-1
koK * of

As det(A) = o777 and det(AP) = det(A)P, we see that

ar’
TAPT = | % o . (42)
* ar”’
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By Proposition 3.16(1), the quotient M;/pMs is a two dimensional k-vector space gen-
erated by E; and Fy. As M) = (F,V)M; = pM,, we find that M/pMy C M, /pM, is
a one-dimensional k-vector space. Take uq,us € k so that M/pMs is generated by the
image of uy E1 + usFy. As M # pM,, we see that u; # 0.

We see that if g € GL3(IF,2[II]) preserves M;/(F,V)M,, then it induces an automor-
phism of M, /(F,V)M, = M;/pM, which is expressed as (j a,,s) by (39), (41), and
(42). Moreover, g also preserves M/(F,V)M; = M/pM, if and only if the column vector
((: o ) (&) is in the subspace spanned by (. ). This is equivalent to the entry * being
equal to ugu; * (o — o). O

Remark 5.8.

(1) It follows from the construction of polarised flag type quotients that for (X, A) with
a(X) = 1 and a choice ;1 € P(E?) together with an identification (X, X) = (E3,pp),
there exists a unique pair (t,u) where t = (t1 : to : t3) € CY(k) and u = (u1 : uz) €
P!(k) as in the proof of Proposition 5.7. For the rest of the section, we will work
with these (¢, u).

(2) The coordinates (t,u) in (1) also give rise to a trivialisation C° x P ~ o, where
Poo = P, xc CY, as follows. By Proposition 3.7, points in Zco correspond to
pairs (Ml,ﬁ): here M, C M, is a four-dimensional subspace generated by the
subspace VMo and Ey = t1€; + toéy + tzés with (t : to : t3) € C°, and M C Mo
is a three-dimensional subspace with Mll C M C M, where MIL is the orthogonal
complement of M7 with respect to (,)2. The two-dimensional vector spaces M1 /Hf
for t € C° form a rank two vector bundle ¥ = €(1) ® 0(—1)|co over C°. As shown
in the proof of Proposition 5.7, the images of £y and F; in M, /Mi‘ (again denoted
by E; and F; for simplicity) form a basis, and give rise to two global sections E,
and Fvl of ¥ respectively (note that both E, and F; are vector-valued functions in
t1, ta, and t3). Then the desired trivialisation C° x P = Pco ~ P(¥) is given by
(t, (u1 : ug)) — [ur B (t) + ugFy(t)]. Since M, is the Dieudonné module of E3, the
vector space M has an Fp2-structure, so we see that this trivialisation is defined
over Fp.

Now let t € C°(k) and u = (0 : 1). The corresponding subspace M is generated by
F; and Mi’ = (F,V)M,. Therefore, we have M = VM5, which corresponds a point
in T. It follows that under the above trivialisation, T|co ~ C° x {oo}.

The following lemma follows from Lemma 3.11, Lemma 3.12, and Proposition 5.7. It
describes the polarised elements g € G(ar,,(,y,) that preserve M;/pMy: for such g of the
form (38), Proposition 5.7(1) implies that A € End(t), while Definition 5.3(28) implies
that A is unitary.

Lemma 5.9. Let t = (t; : ty : t3) € CO(k).
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(1) Whent ¢ C(Fps), we have

End(t) N Us(Fp) ~ {a € Fpe : o?t' =1},
(2) Whent e C(Fps), we have

End(t) N Us(F,) ~ {a € Fyo : 0”1 =1},

Proof. (1) This follows since a diagonal matrix all3 with o € F,2 is unitary if and only
if aP™! = 1.
(2) Take any A € End(t) N U3(F,). The eigenvalues of AP are af,aP” a?” where

a is the eigenvalue of A. As A is unitary, o~ !

is also an eigenvalue, so we have
3 5 3
a"l e {a?,a?" ,aP’}. In each case, we have o? 71 = 1.
3
For the converse, choose any a € I, such that of +1 = 1. By the proof of

Lemma 3.11, the corresponding A € End(¢) is given by
A= (t,t(p2)7t(p4))diag(a, ozp27ap4)(t,t(p2),t(p4))_1.

We compute that

-1
AADT — (3 4#%) 4" s | (¢ 47 (@ NT
5P

where s = tﬁ)SH + #2’3“ + t§3+1. That is, AA®T is independent of . By the case
a =1, we have AAPT =1. o

Suppose now that we have g € G, (,),) of the form (38) preserving M;/pMs, i.e.,
we have A € End(¢) N Us(F,) by Lemma 5.9. We now determine the conditions on B so
that g also preserves M/pMoa, i.e., so that g € Gaz,())- By (28), B satisfies a symmetric
condition.

Let S3(F,2)A (for A € End(t) NUs3(F,) as above) be the F,2-vector space consisting
of matrices of the form SA for some S € S3(FF,2). Define a homomorphism of [F,2-vector
spaces

1/125714 :Sg(sz)A — k

43
SA s the (1,1)-component of T 'SAT. 43)

Similarly define a homomorphism
Py :S3(Fp2) = k (44)

S+ the (1,1)-component of T 'ST.

Using these notations, we have the following proposition.
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Proposition 5.10. The group G(s,(,)) consists of the matrices of the form

A 0
SA A®

satisfying the following conditions:

(1) A € End(t) NUs(F,) with eigenvalue o;

(2) S € S3(Fp2) is a symmetric matriz; and
_ 3

(3) Yr.a(SA) = uguy H(a —aP").

The third condition is equivalent to
(3) e(S) = uzuy '(1—a?7).

Proof. It follows from (34) and Proposition 5.7 that for A € End(t) NUs(F,) with eigen-

value «, the matrix (g A(()p)> is an element of G (as (y,) NG (ar,(,)) if and only if BA!

is a symmetric matrix and the (1, 1)-component of the matrix T~ BT is ugu; ' (« —ar™).
The latter condition amounts to Condition (3) (and (3’)) by noticing that since T ~*AT
is of the form

where « is the eigenvalue of A, we have a commutative diagram

S3(F,e) —22s

k
L s J“ : (45)
k

Sy(Fye)A 222y

where the left vertical arrow is multiplying A from the right and the right vertical arrow
is multiplying with a. O

The following corollary follows immediately from Proposition 5.10 and summarises
the results in this subsection.

Corollary 5.11. We have

(G| = 1{A € End(t) NUs(Fp) : upup (1 — o 1) € Tm()}] - [ Ker(thy)|.  (46)
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5.3. Analysing Im(vp,) and ker(i;)

In the following subsection, we will make Corollary 5.11 more explicit by analysing
the image and kernel of the homomorphism ;.

Definition 5.12. In the notation as above, we set
d(t) = dims, (Im(w). (47)
As dimp , (S3(Fy2)) = 6, we see that d(¢) < 6, and that
| ker(y)| = p*®= 40, (48)
We prove the following precise result about the values of d(t).

Proposition 5.13. We have 3 < d(t) < 6. When p = 2, we have d(t) = 3. Let v =
(t1,83, 43, tato, t1ts, tats) and let

A= {det (vT, PN (N (v@”))T) - 0} .

When p # 2, we have:

d(t)=3 if and only if te CO(IFPG);

d(t) =4 if and only if te CO(IFps); )
dit)=5 if and only if te ANCO\ (CO(Fpe) HCY(Fpe)) ;

d(t) =6 if and only if t¢ AnCO.

Proof. Since t € C°(k), we see that t; # 0, and without loss of generality we assume
that t3 = 1. For 1 <4,j < 3, let I;; be the three-by-three matrix whose (¢, j)-component
is one and where all other entries are zero. Then 111, Ioo, I33, I10 + Io1, I13 + 131, Io3 + 132
is a basis for S3(FF,2) over F,2. We set

wy = Pi(I11), wa = Ve (I22), w3 = Pi(I33),

(50)
wy = Pi(Liz + I21), ws = Ye(L13 + I31), we = V¢ (I23 + I32).
Lemma 5.14. The w; in (50) satisfy the following relations:

2 2
wy = ljws, w2 = lHws,
wy = 2t1taws,

Wy = 2t1’LUg, We = 2t211)3,

and ws s not zero.
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Proof. The inverse matrix of T is

—1 —1 —1 —1

) 1 th—th ) =) iy —)

— — —1 —1 -1 —1
T =det(T)™" [ 27 —¢y 6, -2 & ty— 1488
th—ty  ty— thte — t1th

Since for any matrices M = (m;;), N = (n;;) and L = (l;;) the (1,1)-component of
MNL is given by >, . mi;nijlj1, we have
-1
wy = det(T) " (th — 5 )ty;
ws = det(T) "1 — t9)tLs.
Furthermore, ws is given by
ws = det(T) "1 (8 — & 1)
= det(T) ™7 (e~ )
= det(T) M7 (¢ — 8 ).
For the last equality, we used equations t2™' + ' 41 = 0 and tﬁflﬂ + t’2’71+1 +1=0.
—1
Similarly, we see that ws = det(T) 't;'(t" — t!). These computations imply the

first two relations of the assertion, and since ti,ts ¢ 2, we see that ws is not zero.

Furthermore, we compute that
wy = det(T) (15 — 15 o+ (£ —#)t1)
— det(T) (5™ — ¢ L Tt
= 2det(T) o (th — #2’_1);
ws = det(T) 71 ((8h — ) + (£ — &8 th)ty)
=det(T) (6 — 15+ — 8 D)
= 2det(T) (5 — 5 ).

Similarly, we see that wg = 2det(11")’1(t11f1 — t¥), so we obtain the remaining rela-

tions. O
When p # 2, we see from Lemma 5.14 that
d(t) = dimg , (w1, w2, w3, ws, ws, we) = dimg , (1,1, ta, trto, t5,13).

In particular, this implies that
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d(t) > dimp , (ws, ws, wg) = dimp , (1,t1,t2) = 3.

When p = 2, by Lemma 3.9 and Lemma 5.14, we see that d(t) = 3. So assume p # 2,
and consider (49).

By construction (since t3 = 1), we have t € A if and only if dimIgp2 (1,1, g, t1te, 2, 13)
< 5. Hence we see that t € A N C° if and only if d(t) < 5, which gives the required
statement for d(t) = 6. Also note that if d(t) < 5 then there exists some conic Q/Fy2
with equation a1 + agty + aste +astits +ast? +agts = 0 such that t € C°NQ. Similarly if
d(t) < 4 then there exist two independent conics Q1, Q2 such that t € C°NQ1NQ5. In this
case, 1 and @2 do not have a common component (even defined over Fp). Otherwise,
the intersection Q)1 N Q2 must be a line L defined over 2 (because we require Q1 # Q2)
and 1 = LUL; for another line L; defined over F,>. This implies that t € Lort € Ly, a
contradiction by Lemma 3.9. If d(¢) < 3 there exist three independent conics Q1, Q2, @3
such that t € C°N Q1 N Q2N Q3.

If t € C°(Fp2a) then d(t) < a, ie., if 2 < deg]Fp2 (t) < a then d(t) < a, for any value of
a. This shows in particular that if ¢ € C°(Fpe ), then d(t) = 3, cf. Lemma 3.9. Conversely,
since |@Q1 N Q2| < 4 by Bézout’s theorem we see that if d(¢t) < 4 then deg]Fp2 (t) < 4.
That is, then t € CO(F,s) U C°(Fp0); note that by Lemma 3.8 we have C(F,1) = 0.
If d(t) = 3, then the Fp2-subspace (1,1,t2,5,13,t112) is equal to the F2-subspace U
spanned by 1,t1,t2. Since t;,U C U and toU C U, the algebra Fj2[t;,ts] = U has
dimension three and deg]Fp2 (t) = 3. This implies that d(t) = 3 if and only if t € CO(F,s)
and hence d(t) = 4 if and only if t € C°(F,s). The statement for d(¢) = 5 now follows. O

Remark 5.15. We provide another proof of the implication d(t) =3 = deg]FP2 (t) = 3,
since this information may also be useful. Suppose Py, Py, P3, P, € P?(K), where K is
a field, are four distinct points not on the same line. Then the conics passing through
them form a P!-family. To see this, suppose @ is represented by F(t) = 0, where F(t) =
alt% + agt% + agtg + aqtite + astite + agtits. By assumption P;, Ps, P3 are not on the
same line. Choose a coordinate for P? over K such that P, = (1:0:0),P, = (0:1:0)
and P3 = (0:0:1). Then a; = ag = az = 0. The point Py = (a1 : oz : ag) satisfies
(1o, s, agas) # (0,0,0). Thus, F(P,) = 0 gives a non-trivial linear relation among
a4, as, and ag.

Suppose now t € C° N Q; N Q2 N Q3 with [F)2-linear independent conics @1, Q2, Q3.
It suffices to prove |@Q1 N Q2N Q3] < 3. If |Q1 N Q2| < 3, then we are done. So suppose
that Q1 N Q2 = {P1, Py, P3, Py}. If Q3 contains these four points, then Q3 is a linear
combination of )1 and Q2 over some extension of F,. and by descent an Fp2-linear
combination of @ and @2, contradiction. Thus, we have shown that |Q1 N Q2N Q3| < 3.

Definition 5.16. Let Zco ~ C° x P! be the fibre Po(0(—1) ® O0(1)) xc C° over CV, cf.
Remark 5.8. For each S € S53(F,z2), we define a morphism fg : C° — Pco via the map
CO5t=(t; :ty:t3) — (t®,(1:4,(S)P)) € C° x PL. Observe from the computation in

—1 —1 —1
the proof of Proposition 5.13 that 1(S) is a polynomial function in t/ ,¢§ ¢ | and
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hence that 1;(S)? is a polynomial function in ¢, t9, t3. The image of fg defines a Cartier
divisor 25 C Zco, and we let & be the horizontal divisor

ZE DD

SESg(Fp2)
For t € CO(k), let 2, = 7~ ()N 2. That is, (u; : ug) € Z; if and only if ugu; ' € Tm(¢)y).

Lemma 5.17. Let t = (t1 : to : t3) € C°(k).
(1) If t ¢ C°(Fps), then

3 IF><2 . : :
{a € prz IUQul_l(l —aP —1) € Im(vy)} = { » if (uy s uz) € Y

sz otherwise.

(2) Ift € C%(Fys), then

FY i (un:u2) € I3

a€FX :ugui? 1—a”” 1 em Pi)} =
{ P° o ) W)} IFPXS otherwise.

Proof. (1) First we note that F* C {a € ]prg s uguy M (1—aP’ 1) € Im(vy)}. Since Im (¢
is an Fp2-vector space, we have that if (u1 : us) € Z, i.e., if ’LL2U1_1 € Im(t)¢), then
ugul_l(l—apafl) € Im(v)y) for any « € ]prz. Conversely if ugul_l(l—ozpsfl) € Im(vy)
for some o € Fp2 \ Fp, then upui ' € Tm(1y).

(2) If t € CY(Fps), then Im(¢)) C Fpe. Since dimg , (Fye) = 3 and d(t) = 3 by Propo-
sition 5.13, we must have that Im(¢;) = Fpe. The proof now follows from a similar
argument as in (1). O

Corollary 5.18. We have

{A € End(t) N U3(F,) : uguy ' (1 — a”g_l) € Im(¢y)} =~
{a €F,:aPtl =1} ift ¢ CO(Fps) and u ¢ Dy;
{a€Fe:a?t =1}  ift ¢ C'Fy) and u € %y;
a€F:aP’ =1 ift € C%Fp6) and u & Zy;

P P
a€Fy:af’ 1 =1 ift € C°(Fp6) and u € 2.

P P
Proof. This follows from combining Lemma 5.9 with Lemma 5.17. O

5.4. Determining [Aut((Ma, (,)2)) : Aut((M, (,)))]

By Corollary 5.11, Equation (48), and the results in the previous subsection, in par-
ticular Corollary 5.18, we immediately obtain the following result.



V. Karemaker et al. / Advances in Mathematics 386 (2021) 107812 35
Lemma 5.19. Define e(p) =0 if p=2 and e(p) =1 if p > 2. Then

2€(p)p2(6—d(t)) Z'fu ¢ @t;
Gl =9 (p+1)p*E=4O)ift ¢ CO(Fpe) and u € Zy; (51)
(p® +1)p" ift € CO(Fps) and u € ;.

Recall that d(t) = 3 when t € C°(F,¢). Combining Lemma 5.19 with Lemma 5.5, and
using Remark 5.6, we conclude the following.

Corollary 5.20. We have

[Aut((M2, (,)2)) : Aut((M, ()] = [Gar,()0) 2 Goa] =
2= P32 (p - 1) (p? = 1)(p* +1)  ifu ¢ D
p3+2d(t)(p2 — D@3 +1) ift ¢ CO(]FPG) and u € Dy;
P(p+1)(p*-1) ift € CO(Fpe) and u € ;.

(52)

Now Corollary 2.5(1) and Corollary 5.20 yield the main result of this section, i.e. the
mass formula for a supersingular principally polarised abelian threefold x = (X, )\)
a-number 1, cf. Theorem B.

Theorem 5.21. Let z = (X, \) € %31 such that a(X) = 1. For p € PY(E?), consider the
associated polarised flag type quotient (Yo, 1) — (Y1, A1) — (X, A) which is characterised
by the pair (t,u) with t = (t1 : ty 1 t3) € CO(k) and u = (uy : uz) € PL(k). Let (Ma, {,)2)
and (M, (,)) be the respective polarised Dieudonné modules of Yo and X, let Py be as in
Definition 5.16, and let d(t) be as in Definition 5.12. Then

Mass(Az) = Mass(Asz,1) - [Aut((Mz, (,)2)) : Aut((M, (,)))] =

» 2 WO — )t =1 —1)  ifud D (53)
s g7 | P -DE° 1) ift ¢ COFps) and u € Z;
pS(p? —1)(p® - 1)(p* - 1) ift € COFps) and u € .

6. The automorphism groups

In this section we discuss the automorphism groups of principally polarised abelian
threefolds (X, \) over an algebraically closed field k& O F, with a(X) = 1. We shall
first focus on an open dense locus in &, (a = 1) (the a-number one locus in £,) in
Subsection 6.2 and then discuss a few other cases in Subsections 6.3 and 6.4. To get
started, we record some preliminaries in the next subsection.
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6.1. Arithmetic properties of definite quaternion algebras over Q

Let C), denote the cyclic group of order n > 1. Let B, » denote the definite quaternion
Q-algebra ramified exactly at {oo, p}. The class number h(B) ) of By « was determined
by Deuring, Eichler and Igusa (cf. [10]) as follows:

a0 GG e

where (-/p) is the Legendre symbol. If h(Bp ) = 1, then the type number of B,  is
one and hence all maximal orders are conjugate. It follows from (54) that

h(Bpoo) =1 <= p€{2,3,57,13}. (55)

If p = 2, the quaternion algebra B o =~ (%) is generated by ,j with relations
2 = j2 = —1 and k := ij = —j7, and the Z-lattice

~

1+i+j5+k
02,00 = SpanZ {Livjv %} (56)
is a maximal order of By .. Moreover,
+l+titjtk
OF o = {jzl,j:i,j:j, +k, %} —: By, (57)

and one has Fay ~ SLo(F3) and Eay/{+1} ~ Ay4.
—-1,-3
Q

If p = 3, the quaternion algebra B3 o =~ ( is generated by ¢, j with relations

i2 = —1,72 = =3 and k := ij = —ji, and the Z-lattice

1445 (1454
O3 o0 1= Spang 3 1,4, ﬁ, iL+7) (58)
’ 2 2
is a maximal order of B3 ... Moreover,
O;,oo = <Za46> = T127 CG = (1 +.])/27 (59)

and one has Ty9 ~ Cy x C3 and T12/{%1} ~ D3, the dihedral group of order six.

If p > 5, then O* € {Cs,C4,Cg} for any maximal order O in B, [19, V Proposi-
tion 3.1, p. 145]. Fix a maximal order O in B, » and let h(O, C3,) be the number of
right O-ideal classes [I] with Oy(I)* ~ Cy,, where O/(I) is the left order of I. Then (see

[10])
(1 _ (%)) and (0, Cg) = % <1 - (?)) . (60)

h(Oa 04) =

N |



V. Karemaker et al. / Advances in Mathematics 386 (2021) 107812 37

Lemma 6.1.

(1) Let Q be a definite quaternion Q-algebra and O a Z-order in Q, and let n > 1
be a positive integer. Then the integral quaternion hermitian group U(n,0) ={A €
Mat,, (O) : A-A* =1,} is equal to the permutation unit group diag(O*,...,0*)-S,.

(2) Let O be a mazimal order in Ba . Let my : U(n,O) — GL,(O) — GL,(0/20) be
the reduction-modulo-2 map. Then ker(mz) = diag({£1},...,{£1}) ~ C¥.

Proof. (1) Note that O is stable under the involution * since z* = Trx —x and Trz € Z
for any x in O. Let A = (a;;) € U(n,O). Then since AA* = 1,,, we have ), a;ra}, =
1 for any 1 <4 < n. Since a;raj;, = 0 or 1, for any 1 < ¢ < n, there is only one
integer 1 < k < n such that a;; # 0 and a;z € O*. On the other hand, since
A*A =1, for any 1 < k < n, there is a only one integer 1 < ¢ < n such that a;; # 0
and a;, € O*. Thus, A € diag(O*,...,0*) - S,,. Checking the reverse containment
diag(O*,...,0%) - S, CU(n,O) is straightforward.

(2) By (55), we may assume that O = Oz . Since the diagonal entries of elements in
ker(mg) are all not zero, by part (1) we find ker(msy) C diag(O*,...,0). There-
fore, it suffices to show that the kernel of the reduction-modulo-2 map msy : O* —
(O/20)* is isomorphic to Cy. Using (57) and 20 = {a; + a2t + azj + ask : a; €
Z, a1 = az = a3z = a4 (mod 2)}, one checks that indeed ker(mq) = {£1} CO*. O

Lemma 6.2. Let D), be the quaternion division Q,-algebra and O, its mazimal order. Let
n > 1 be a positive integer. Let I be a uniformiser of O, and put V, := 14+II1 Mat,,(0,) C
GL,(0p). If p > b, then the torsion subgroup (Vp)tors of Vp is trivial.

Remark 6.3. Before giving the proof, let us note that p > 5 is best possible. Indeed,
when p = 3, we have

D3:(_<1@3_3>’ O3 = Zs[i, (1 +j)/2] = Zs[i,j], =]

Thus, we find the torsion element —(1 + j)/2 € 1 +1I10,,.

Proof of Lemma 6.2. For simplicity, write (II) for the two-sided ideal in Mat,,(O,) gen-
erated by II. We must show that any a € (V},)or must equal 1. Since V,, is a pro-p group,
we have a?” = 1 for some r > 1. By induction, we may assume that o = 1. Suppose
that o # 1 and write o = 14 II5 for some nonzero 8 € Mat,,(O,). Necessarily, 5 ¢ (II),
for otherwise & =1 (mod p), which implies that & = 1 by a lemma of Serre [14, p. 207].
Since p>5and p| (¥) forall 1 <i < p—1, we find

1= (];)(Hﬂ)i_wpnﬁ (mod TI%). (61)

p
=0
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This implies that 8 € (II), which leads to a contradiction. O
6.2. The region outside the divisor 9

Recall from Subsection 3.1 that E is a supersingular elliptic curve over Fp2 such that
g = —p. Let pean € P(E3) be the threefold self-product of the canonical principal
polarisation on F; this is also called the canonical polarisation on E3.

Theorem 6.4. Let v = (X,\) € S51(k) with a(X) = 1. For u € P(E3), consider the
associated polarised flag type quotient (Ya,pu) — (Y1, A1) — (X, \) which is characterised
by the pair (t,u) with t = (t1 : ta : t3) € CO(k) and u = (uy : uz) € P1(k). Let (Ma, (,)2)
and (M, (,)) be the respective polarised Dieudonné modules of (Ya, ) and (X, ), let 9,
be as in Definition 5.16 and let d(t) be as in Definition 5.12. Assume that (t,u) ¢ 2,
that is, u ¢ P,.

(1) If p=2, then Aut(X,\) ~ Cj.
(2) If p>5, or p=3 and d(t) = 6, then Aut(X,\) =~ Cs.

Proof. By Proposition 3.16, (Y3, pu) — (X, A) is the minimal isogeny. Therefore,
Aut(X, \) = {h € Aut(Yz, i) : mp(h) € Gear,( )} (62)
By Proposition 5.10, we have an exact sequence
1 — ker(vy) = Gar,(y) —= Gary) — 1. (63)

(1) A direct calculation using the mass formula (cf. Corollary 2.5 and Lemma 6.1) shows

1 1 1
Mass(Aa) = 51537 = 505 31 ~ [Aw(EP, prean)|”

and hence |A3 1| = 1. Thus, we may assume that (Y2, u) = (E?, fican), and we have
Aut(Ys, u) = diag(O*,0%*,0*) - S3 by Lemma 6.1 with O = End(F). As u ¢ %,
Corollary 5.18 yields @(M,( ) = 1£1} = 1. We see from the proof of Proposition 5.13
that ker(v) is the F,2-subspace generated by Ii2 + I21, I13 + I31 and I3 + I35 (in
the notation of that proof). Therefore,

G(M7(7>) = {(% ]103> : S = (Sij) S Sg(IFIﬂ),S“- =0V1<:i< 3} . (64)

Let h € Aut(X,)) C diag(O*,0*,0%*) - S3. Since mgo(h) has non-zero diago-
nal entries, h € diag(O*,0*,0*). One deduces mo(h) = 1 from (64). Thus,
h € ker(mg) = C3, by Lemma 6.1. On the other hand, ker(msy) C Aut(X,\) from
(62). This proves (1).
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(2) Assume p > 5. As u ¢ 7, Corollary 5.18 implies that G(a,( ) = {#1}. Lemma 6.2
implies that the map mp : Aut(X,\) — G(ML)) is injective, because ker(mp) is
contained in (V})tors. Thus, Aut(X,\) ~ C5. Now assume p = 3 and d(t) = 6.
In this case G(ar () = {£1} follows from (63) and Corollary 5.18. By a lemma
of Serre [14, p. 207], the map m3 : Aut(X,\) — G,y is injective and hence
Aut(X,\) ~Cy. O

Corollary 6.5. Let the notation and assumptions be as in Theorem 0./.
(1) If p=2, then |A,| = 4.

(2) If p=3 and d(t) = 6, then |A,| = 3! - 13.
(3) If p = 5, then

PO 2 —1)(p* — 1)(p° — 1)

As| = 210 .34.5.7 : (65)

Proof. All statements follow from Theorems 5.21 and 6.4. For p = 2, we have
Aut(X, \) ~ C3 for each (X, \) € A, and hence

23.29.3.(3-5)-(3%2-7)
[Az| = 510 31 5.7 =4. (66)
For p = 3 and d(t) = 6, we have Aut(X, \) ~ C5 for each (X,)\) € A, and hence

3+2d(t) . 93, (94, (23.7.1

|Ay| = 5 (25)- 20 7-13) _ gaae-1 15 g g3, (67)

210.34.5.7

The same argument gives (65) for p > 5. O

A g-dimensional principally polarised supersingular abelian variety (X, \) over k is
said to be generic if the moduli point Spec k — .7, 1 factors through a generic point of
Zg.1. Recall that the supersingular locus ;1 C 7,1 ® Fp is a scheme of finite type
over ]E, which is defined over [F,,. Moreover, every geometrically irreducible component
of #1 is defined over F 2, cf. [26, Section 2.2].

Oort’s conjecture [2, Problem 4] asserts that for any integer g > 2 and any prime
number p, every generic g-dimensional principally polarised supersingular abelian variety
(X, \) over k of characteristic p has automorphism group {#1}. Oort’s conjecture fails
with counterexamples in (g,p) = (2,2) or (g,p) = (3,2); see [8,16].

For fixed g > 2 and prime number p, consider the refined Oort conjecture:

(O)g,p: Every generic g-dimensional principally polarised supersingular abelian variety
(X, \) over k of characteristic p has automorphism group {£1}.
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Corollary 6.6. Let (X, \) be a generic principally polarised supersingular abelian threefold
over k of characteristic p > 0. Then

C§  forp=2;
Cy forp>3.

Aut(X,\) ~ {

Proof. This follows immediately from Theorem 6.4. O
In other words, Oort’s Conjecture (O)s , holds precisely when p # 2.

Remark 6.7.

(1) It is shown [16, Theorem 5.6, p. 270] that if (X, ) is a principally polarised su-
persingular abelian threefold over k of characteristic 2, then Aut(X,)\) O C3. By
Corollary 6.6, the smallest group C3 also appears as Aut(X,\) for some (X, \).
We have seen that the unique member (E3, fican) in A1 has automorphism group
E3, x Sz (of order 219 - 3%). We expect that 210 - 3% is the maximal order of au-
tomorphism groups of all principally polarised abelian threefolds over k of any
characteristic (including zero).

(2) According to Hashimoto’s result [5], we have |A3 1| = 2 for p = 3. In this case, we have
two isomorphism classes, represented by (E?, fican) and (E3, u). Using Lemma 6.1,
we compute | Aut(E3, fican)| = 27 - 3* and conclude | Aut(E3, p)| = 27 - 3* from the
mass formula Mass(Az 1) = 1/(2¢ - 3%).

6.3. The region where t ¢ C(Fpe) and (t,u) € 7

In this subsection we consider the region (¢,u) € 2 and assume that ¢ ¢ C(F,s). This
extends the region considered in Subsection 6.2.

Lemma 6.8. Let (X, \) € S1(k) with a(X) = 1. If p > 3 and Aut(X,\) C Cpy1, then
Aut(X, /\) - {CQ, 04, Cﬁ}

Proof. Suppose that Aut(X,\) = Coy with 2d|(p + 1). Then we have a ring homo-
morphism Z[Cs4] — End(X) which maps Ca4 bijectively to Aut(X, A). The Q-algebra
homomorphism

Q[Cad] = [] Q¢] = End’(X) = Mats(Bj,0)
d’|2d

factors through an injective QQ-algebra homomorphism

HQKdz] — End’(X) = Mats (B ),
i=1
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where {d;|2d} C {d'|2d}. Since the composition gives an embedding Caq < Aut(X), the
integers {d;} satisfy lem(ds,...,d,) = 2d. Since p 1 2d, the algebra Z,[Ca4] is étale over
Z, and is the maximal order in Q,[C24]. This gives rise to an embedding [[;_, Z[C4,] ®
Z, — End(X) ® Z,, ~ End(X[p™]). Thus, the decomposition X[p™] = Hy X --- x H,
into a product of supersingular p-divisible groups shows a(X) > r and hence r = 1.
Therefore, there is a Q-algebra embedding of Q((24) into Mats(Bp,c). This implies that
©(2d)|6 (where ¢ denotes Euler’s totient function) and hence 2d € {2,4,6,14,18}.

If 2d = 14, then p = —1 (mod 7) and ord(p) = 2 in (Z/7Z)*. This gives rise to
an embedding Z[C14] ® Zy = Zp2 X Lp2 % Lp2 — End(X[p™>]) and hence a(X) = 3, a
contradiction. If 2d = 18, then p = —1 (mod 9) and ord(p) = 2 in (Z/9Z)*. Similarly,
we get an embedding Z[Cis]| ® Z, = Zyp2 X Zp2 X Lz — End(X[p™]) and a(X) = 3,
again a contradiction. 0O

Recall that IE‘];2 ={a € IFPXQ : aPtl = 1} ~ C,41 denotes the group of norm one
elements in ]prz.

Theorem 6.9. Let the notation be as in Theorem 6.4. Assume that (t,u) € 9 and t ¢
C(Fpus).

(1) If p=2, then Aut(X,\) ~ C3 x Cs.
(2) If p=3 and d(t) = 6, then Aut(X,\) € {Cs, C4}.
(3) Forp > 5, we have the following cases:
(i) Ifp=—1 (mod 4), then Aut(X, A) € {Cs, Cy}.
(ii) If p=—1 (mod 3), then Aut(X,\) € {C2,Cs}.
(iii) If p=1 (mod 12), then Aut(X,\) ~ Cs.

Proof. (1) As in Theorem 6.4(1), we may assume that (Yz,u) = (E3, fican), and by
Lemma 6.1 we have Aut(Ys, p) = diag(O*,0*,0%) - S3. Then

Aut(X,\) = {hEAut(YQ,u):mQ(h): (a a ) ,aEFi}

a
{hediag(OX7OX,OX):m2(h):< a ),aeFi}
a

+wd ‘
+wd ] :0< <55 ~CF xCs,
+w’

where w = (1414 + j + k) /2 satisfies w® = 1.
(2) In this case, 6(1\“ ) = Fg ~ Cy by Corollary 5.18. The proof then follows from the
fact that the reduction-modulo-3 map is injective.
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(3) In this case, G(ar,()) = IF;Q ~ Cpy1 by Corollary 5.18. It follows from Lemma 6.2
that Aut(X,\) can be identified with a subgroup of G(as,(y) =~ Cpy1 as p > 5. By
Lemma 6.8, Aut(X, A) € {Cs, Cy, Cg}. The assertions for (i), (ii), (iii) and (iv) follow
from this assertion. O

Write 2, for 2 C &, (a = 1) to emphasise its dependence on y € P(E?). Recall that
Uy o Py — L3 is the map (Yo, pa) = (Yo, Ao). Put 2y o 6)e == {(t,u) € Z : t ¢
C(Fps)}-

Let Ay denote the set of [F2-isomorphism classes of supersingular elliptic curves £’
over [F,,» with Frobenius endomorphism 7z, = —p. This set is in bijection with the set
Cl(Bp,~) of right O-ideal classes for a fixed maximal order O in B, ~; see [1] (also cf.
[20, Theorem 2.1]).

Proposition 6.10.

(1) If p=3 and d(t) = 6, then for all (X,\) € \IJ“(.@M)C(FPG)C) with @ = fican, one has
Aut(X, \) ~ Cy.

(2) If p>5 and p = 3 (mod 4), then there exists p € P(E®) such that for all (X,\) €
\IJ“(@/L7C(FPG)C) one has Aut(X,\) ~ Cy.

(3) If p>5 and p = 2 (mod 3), then there exists u € P(E3) such that for all (X,)\) €
U (Dy,c(F,)) one has Aut(X, A) ~ Cg.

(4) If p > 11, then there exists u € P(E3) such that for all (X, \) € U (Dy,c(F,6)e) one
has Aut(X, \) ~ Cs.

Proof. We use the results from Subsection 6.1. If p = 3, then O* = Aut(E) = (i, (s)-
If p>5and p =2 (mod 3) (resp. p = 3 (mod 4)), there exists a unique supersingular
elliptic curve E’ in Ay such that O* := Aut(E’) ~ Cs (resp. Cy). If p > 11, then there
exists a supersingular elliptic curve E’ in A; such that O* := Aut(E’) ~ C3. Note
that if p > 11 then either h(Bp o) > 2 or p = 1 (mod 12). For cases (2), (3), and
(4) we choose a polarisation u € P(E®) such that (E3, u) ~ (E'3, ul,,), where ., is
the canonical polarisation on E’3 as before. (In case (1) gt = fican is the unique choice
of polarisation.) Then using the same argument as in Theorem 6.9, the automorphism
group Aut(X, \) for (X, ) € \Il#(@%c(]pps)c) consists of elements of the form diag(a, a, a)
with a € O satisfying ms(a) € F} if p = 3 (resp. mn(a) € ]F;z ifp>5). Ifp=3, we
have m3((i)) = C4. If p =3 (mod 4), we have mp((i)) = Cy. If p =2 (mod 3), we have
mm({¢s)) = Cs. Thus, Aut(X,\) ~ Cy4 for p =3 (mod 4) and Aut(X, ) ~ Cg for p =2
(mod 3). In case (4), we have Aut(X,\) ~ Cy. O

Remark 6.11.

(1) Given Proposition 6.10, it remains to check whether the group Cj also appears as
Aut(X, ) in the region \I/M(_@#’C(]FPG)C) for some p € P(E3) when p = 3,5,7.
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(2) We assume the condition d(t) = 6 when p = 3 in Theorems 6.4 and 6.9. It remains
to determine which other automorphism groups occur if this condition is dropped.

6.4. The superspecial case

As we have seen in the previous subsection, to investigate the automorphism groups in
some special region of &, (a = 1), the knowledge of automorphism groups arising from
the superspecial locus A3 ; also plays an important role. In this subsection, we discuss
only preliminary results on the automorphism groups of members in A3 ;. A complete list
of all possible automorphism groups requires much more work; see Question (2) below.

We briefly recall some results. For p = 2, we have |A3 ;| = 1 and the unique isomor-
phism class represented by (X, \) has automorphism group E3, x S3. For p = 3, we have
|As1| = 2 by Hashimoto’s result. In this case, the two isomorphism classes are repre-
sented by (E3, pican) and (E3, 1), respectively, and we have Aut(E3, fican) = T % S5 so
| Aut(E3, p)| = 27-3%, cf. Remark 6.7. For p > 5, the following non-abelian groups occur:

C3xS3 forp=1 (mod 12);
C$ xSz for p=3 (mod 4);
C3 % S3 for p=2 (mod 6),

cf. Lemma 6.1.

Unlike the a-number one case, it is more difficult to construct a member (X, \) in
As 1 such that Aut(X,\) ~ Cy. However, it is expected that when p goes to infinity,
most members of Ay have automorphism group Cs. The following result confirms this
expectation for g = 3, based on Hashimoto’s result [5].

Proposition 6.12. Let Az 1(Cs) := {(X, ) € A1 : Aut(X, ) >~ Ca}. Then

|A3.1(C2)

—1 asp— oo. 68
o] p (68)

Proof. Put ha(p) := |A31(C2)|. By [5, Main Theorem], the main term of h(p) := |Asz1]
is Hi(p) == (p—1)(p*>+1)(p*>—1)/(2°-3%-5-7) and the error term (p) is O(p®). Observe
that Mass(Az 1) = Hi(p)/2. If (X, ) ¢ A3 1(C2), then | Aut(X, )| > 4. This gives the
inequality

Mass(As 1) < h22(p) 0 ;hz(p) _ hzip) N Hl(p)4+ e(p)

From Mass(A3 1) = Hi(p)/2 one deduces that ho(p) > Hq(p) — e(p). Since
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we get the assertion (68). O

We end the paper with some open problems.

Questions.

(1)

Let X be a principally polarisable supersingular abelian variety over k, and let P(X)
be the set of isomorphism classes of principal polarisations on X. The mass of P(X)
is defined as

Mass(P(X)) = 3 m. (69)
AEP(X) ’

One would like to find a mass formula for Mass(P(X)) and understand the re-
lationship between the sets P(X) and A(x ) for a polarisation A € P(X) when
dim(X) = 3. Ibukiyama [8] studied P(X) for dim(X) = 2. He gave a mass formula
for Mass(P (X)) and also showed that P(X) is in bijection with the set A(x x) for any
principal polarisation A on X. Note that not every supersingular abelian threefold
is principally polarisable: by [13, Theorem 10.5, p. 71] we see that the supersingular
locus A3 q C 549 ® Fp is three-dimensional if d is divisible by a high power of p,
while dim(jﬂg,l) =2.

In order to study the automorphism groups of (X, A) with a(X) = 2, we also need
to study the automorphism groups arising from the non-principal genus As ,; see
Proposition 3.16. Do we have an asymptotic result similar to Proposition 6.12 for
A3 ;7 What are the possible automorphism groups arising from Az ; or from As,?
We refer to Ibukiyama-Katsura-Oort [9], Katsura-Oort [11] and Ibukiyama [7] for
detailed investigations for the principal genus case Ay ; and the non-principal genus
case Ay ;. Observe that there are natural maps Ao 1 x Ay 1 — Ag 1 and Ay, x Ay —
As p. Following the references mentioned above, these maps already produce many
automorphism groups of members of Az and As .

We say two polarised abelian varieties (X1, A1) and (X3, A2) are isogenous, denoted
(X1, A1) ~ (Xa, A2), if there exists a quasi-isogeny ¢ : X7 — Xo such that p* Ay = A;.
Let z = (Xo, Ao) € @,,1(k) be a geometric point. Define

Ay ={(X,A) € Ap1(k) : (X, \) ~ (X0, o) and (X, N)[p™°] =~ (Xo, Ao)[p™]}. (70)
Using the foliation structure on Newton strata due to Oort [17], one can show that
the set A, is finite. Note that any two principally polarised supersingular abelian

varieties over k are isogenous, cf. [21, Corollary 10.3]. Thus, the definition of A, in
(70) coincides that of A, in (3) when z € . 1. That is, a mass function

Mass : @, 1(k) - Q, =z Mass(A,) (71)
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extends the mass function Mass(z) := Mass(A,) defined on . (k) as before. One
would like to compute or study the properties of such a mass function on &7, 1 (k),
starting in low genus g. This problem may require developing more explicit descrip-
tions of the foliation structure on Newton strata, or employing analogues of the
Rapoport-Zink space which was introduced in Subsection 3.1.
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Appendix A. The intersection C' N A

Let C C P2 be the Fermat curve defined by the equation X?*! + X2' 4 xP1 — ¢
and A C P2 the curve defined in Proposition 5.13.
In Section 5 we have seen the inclusion

C(Fp) [T COFpe) [T COFps) [T CO(Fpro) S C A
for p > 2. In this (independent) section we study the complement of this inclusion.

A.1. Bounds for the degrees

Let 2 denote the set of all conics (including degenerate ones) @ C P? defined over
Fp2. Then A = UgeoQ. If t € CN A, then t € CNQ for some ) € 2 and hence
degp , (t) = [Fp2(t) : Fp2] <2(p+ 1). We need the following well-known result.

Theorem A.1 (Kummer’s Theorem). Let K be any field and n > 1 an integer and
a € K*. If (n,char K) = 1, and u,(K*P) C K, and the element a (mod (K*)") in
K*/(K*)™ has order n, then [K(a'/™) : K] = n.

The authors are grateful to Ming-Lun Hsieh for providing the following proposition.
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Proposition A.2. There exist a conic Q € 2 and a pointt € CNQ such that degy , (t) =
(p+1).

Proof. Choose a generator u; of ]prz such that v} + u3 = —a # 0. Put u := a~tuy and
let a be a p + 1-th root of u. As a € F)*, we have u” +u = —1. Since the element u

(mod (F): )P+ in ]I*’pxz/(]Fsz)p‘Irl =TF 5 /(F;) has order p+1, one has [Fpz (a) : Fp2] = p+1
by Kummer’s Theorem. Let

Q: X1 Xo=uX? and t:=(a:ua"':1).

One sees t € C as o’ + (ua )P 4+ 1 =u+uwP™ w71 +1=0.S0t € CNQ and
deg]Fp2 t)=p+1. D

The following result, due to Akio Tamagawa, says that the upper bound 2(p + 1) for
degp , () in C'N A can be realised.

Proposition A.3. There exist a conic Q € 2 and a point t € CNQ such that degy , (t) =
P
2(p+1).

Construction. We first consider the case p = 2. Let ¢ be a primitive fifth roof of unity
in Fy. Since (Z/5Z)* ~ (2 mod 5), we have F2(¢) = Fas. One computes that (1 + ()3 =
1+ ¢+¢2+ ¢ #1and (14)° = ¢+ ¢* # 1. Therefore 1 + ¢ generates the cyclic
group F.3 ~ C5. Choose z,y,z € Fy such that = 1, y> = C and 2° = 14 ¢, and
put t := (z :y: 2); we have 1 + ( + (1 + ¢) = 0. Since Fy(z) contains Fy({) = Fas, we
have Fa(z) = Faa(2). Since (1+¢) = F.5, by Kummer’s Theorem, Fy(z) = Fa1(2) = For2
and hence degp, (t) = 6 = 2(p + 1). Since x,y € Faa, there exist a,b,c € Fa2 such that
ax? + bry + cy? = 0. Let Q C P? be the (degenerate) conic defined by the equation
aX? 4+ bX1 X5 + cX2. Then the point t € C' N Q satisfies the desired property.

Assume now that p > 2. We would like to find solutions ¢t = (z : y : z) with z €
IFpﬁ(p 1 Y E Fpﬁ \IFPXQ, and z € IFPX2 satisfying the desired properties.

Let

FiES =B/ (F )P+

be the natural projection; one has Fpﬁ/(Fpﬁ)ﬂpH) ~ Cy(py1) as p # 2. Consider the
following three sets:

Z={"1:z¢€ Fe}~TF);

Y = {yP*: yEIFpﬁ}\Z; (72)

X:={¢¢c ]pr4 : f(§) generates the cyclic group Cypi1) }-
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The sets Y and Z are equipped with an IFPX -action and we have

o(2(p+1))

Zl=p—1, [Y|=p*(p—-1), |X|=@p*-1)-
|Z| =p Y|=p(p—1), [X|]=(@ —-1) 2+ 1)

Let g be the composition
N j.
g:Fy —— F) === F%/(F))? ~ Copi),

where N(a) = aP**+1 is the norm map. The map f can be identified with g by a suitable
choice of the generators. Since the image g(IF) is trivial, the image f(IF)¢) is also trivial.
Thus, X is also equipped with an F ‘-action and hence —X = X.

We would like to find

n+¢=¢ (74)

forsomeneY, (€ Zand (€ —X = X.

Note that X, Y and Z are mutually disjoint: that Y N Z = ) follows by definition,
and X NZ = ) follows from the fact that F* C ker(f). Since f ((Fpﬁ)p“) is the 2-torsion
subgroup of Fpﬁ/(IFpﬁ)Q(p“) =~ COy(py1) and f(Y) C f((Fi)P*t"), the image f(Y') contains
no generator of Cy(,1y. Therefore, we also have Y N X = (.

We are working on the space P := IFPX4/1FX ~ P3(F,). The images of X,Y and Z in
P are written as X, Y and Z, respectively. So Z = {(} and

p2p+1))

Zi=1, Wl=# X=@+1) 258

For each point 7 € Y (7} # (), denote by L; C P the line joining the points 7 and (.
To solve (74), it suffices to prove that

U Lz | nX #0. (75)
ney

This is because if £ € Ly NX for some 7 € Y, then we have an+b( = ¢ with a,b, c € )
and hence ' + ¢’ =¢ withn' €Y, (' € Z and & € X.

Lemma A.4. For any two distinct points i1 and 72 of Y, one has Ly, N Ly, = {C}.

Proof. Suppose that L;, N Ly, 2 {¢}. Then Ly, = Lg, and ijz € Ly, . Therefore, —n =

N2 =%

am + b¢ for a,b € F* and hence we have

ma+n+¢ =0
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for some ] € Y and ¢’ € Z. Now write

ne = (y2)P*', mi= )P, =),

with yo, 9] € ]pr4 \IFPX2 and 2’ € IE‘;;. That is, we get a point (ys : 9} : 2’) € C(IFps). Since
C(Fps) = C(Fp2) by Lemma 3.8, we have y2,y; € F)2, contradiction. O

By Lemma A .4,

and hence

U Lal=1+¥]-p=p"+1, and [P— | Lsl =p"+p.
ney ney

To show (74), we check the inequality
— p2(p+1
X =@+ n) LD ey (76)

for all p # 2. If p = 3, then |X| = 20 > 12 holds. For p > 5, by the inequality
p(n) > +/n/2, it suffices to show

vp+1

2
> .
B) p-+p

(P’ +1)-

This follows from
P+ 12 p+1) —4@*+p)’ =@+ 1" - 4> -2p> +1) >0

for p > 5. Therefore, the inequality (76) holds and we have found 7, (, £ as in (74).
Now write

¢ =21 (for z € F ), n =yt (foryeF i \FJ).

Choose an element x € F, such that 2P™! = —¢ € ]Fpﬁ. Since the element &
(mod (F % )P*T1) is a generator in Fa/(F )PH1 by Kummer’s Theorem we have

[Fpa(x) : Fpa] =p+ 1. (77)
We claim that £ ¢ IFPXQ. Suppose for contradiction that & € FPXQ. Then

F(€) = g(&) € g(F %) = (F,2)?*/(F))* S F 2/ (Fy)? = Copny.-
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Therefore, f(§) cannot be a generator of Cy(,41), contradiction. So since & € Fpﬁ \IFPXQ,
we have F2(x) D Fp2(§) = Fpa. This shows that

Fpo(z) =Fpa(z), and [Fpz(x):Fp2]=2(p+1)
by (77). Put t := (z:y:2) = (z/2:y/z : 1) € C(F,). Then we get
[Fye(t) : Fye] = 2(p+1). (78)
Since y/z € Fpﬁ \IFPXQ, there exist b, c € F2 such that

y\? Y _ 2 2 _
2 +b 2 +c¢=0, or y°+byz+cz*=0.

Let Q € 2 be the (degenerate) conic defined by the equation X3 + bX2X3 + cX3 = 0.
Then t € C'NQ and degp , (t) = 2(p + 1). This completes the construction. O
p

A.2. Estimate of |C NA|

In this subsection, points in C' will mean geometric points and C' N A will mean the
set-theoretic intersection. Define

Z ={t,Q)eCx2:tec2}

and consider the following natural maps:

%
AN
C 2

The degree of the map ¢ is 2(p + 1). For each Q € 2, the fibre over @ has size

2(p+1) —eq,
where eg = ZTZQ €qg,r with

cgr=#{t € CNQ :multcha(t) =7} (r—1).

Thus, |2 = 2(p+ 1)(p*° + p® + p°® + p* +p? + 1) — &, where

€:= Z €Q (79)

Qe2

is the error term coming from intersection multiplicities.
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Proposition A.5. We have |C N A| = p'! + o(p'!) — & as p — oo, where € is defined
in (79).

Remark A.6. We expect that e = o(p'!). Then we would have |C'N A| = p!! + o(p*!) as
p — 00.

Proof. For any integer ¢ > 1, define
Ci:={teCF,): degr , (t) =1i}.
By Lemma 3.8, we have

IC1| = |C(F2)| =p*+1, |Cs] =|C%Fy)| = p®+p° —p* —p,
|Cy| = |CO(Fps)| = p* —p% +p° —p®,  |C5| = |CO(Fpuo)| = p'® +p" — p® — p*.

Let Fp2[X1, X2, X3]o C F,2[X1, X2, X3] denote the subspace of homogeneous polyno-

mials of degree two. For each point t = (¢ : ta : t3) € C, the fibre 771(¢) is the set
(W: —{0}) /F,%, where

W, := {F € F,2[X1, X, Xa]y : F(t) = 0}.

They fit into the following exact sequence

0 Wy ]Fp2[X1,X2,X3]2 L) Fp2<t%,t%,t§,t1t2,t1t3,t2t3> — 0.

It follows that dim(W;) = 6 — d(t) and 7~ 1(t) ~ P>~4")(F,2), where we redefine d(t) as
the dimension of 2 (t3,12, 13, t1ta, t1t3, tats) — even for p = 2. Therefore, the numbers of
fibres over C; for i =1,3,4,5 are

P+ +p"+p2+1), ' +p*+1), (P +1), 1,

respectively. Then the number of points in 2 over the union of C; for i = 1,3,4,5 is
given by

A=+ 1)@+ +p' +0°+ 1)+ 0° +p° —p* =¥ )(0* + 0> + 1)
+ ="+ =)+ 1)+ (" +p" —p° —p°)
:pll+3p10+2p9+p8+3p7_p6+p5_2p3+p2+1.

Thus,
B = #{(,Q) € Z : degg , (1) > 5} = | 2] - A

=pt =p 0+ —p 3+ P+ 2+ 4P+ PP+ 2+ 1 -
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Finally,

|CNA| = Im(m)| = |Cy]| + |Cs| + |Ca| + |C5| + B

(80)
=p" +20° +2p° +3p° +p* + 2° + P’ + 2p+ 2. O
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