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Interaction potential between two spheres mediated by excluded volume polymers
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The interaction between two spheres in a solution of nonadsorbing polymers, with excluded volume inter-
action, is calculated from the depletion layers around the spheres using the generalized Gibbs adsorption
equation. By combining the bulk correlation length with the curvature-dependent interfacial tension between a
sphere and the surrounding polymer solution@Hanke, Eisenriegler, and Dietrich, Phys. Rev. E59, 6853
~1999!#, the depletion layer thickness around a sphere is obtained. The resulting contact potential agrees with
a scaling prediction of de Gennes in the semidilute regime.

DOI: 10.1103/PhysRevE.65.060801 PACS number~s!: 61.25.Hq, 82.70.Dd
le
w

iu
o

O
yr
re

tly
in

s

t
ve
nt

olu
co
-

ur
ll

s

le-
ere

s

-
a

ses
tion
fts to
er
ion
the
dent
ifi-
e
e
l es-
ove

tion
ch
ken
e-

a-

the
be
air

ent
It

-
n-
Polymer-mediated attraction between colloidal partic
was first demonstrated theoretically by Askura and Oosa
~AO! @1,2# and later, independently by Vrij@3#. Their theory
applies to a mixture consisting of hard spheres, with rad
R, and ideal polymer chains, characterized by a radius
gyration Rg , in a background solvent. The so-called A
theory gives good predictions as long as the radius of g
tion of the polymer is significantly smaller than the sphe
radius. If the depletion-induced attraction is sufficien
strong, mixing hard colloidal spheres and nonadsorb
polymer leads to macroscopic phase instability@4–9#. This
has driven the extension of the theory towards prediction
the phase behavior, first using a perturbative approach@10#
and later using an osmotic equilibrium theory@11,12#. The
theory of Lekkerkerkeret al. @12#, which takes into accoun
the polymer partitioning between the phases, has been
fied for small polymer-to-colloid size ratios by experime
@13# and computer simulation results@14,15#.

For large spheres immersed in a semidilute polymer s
tion, where the characteristic polymer length scale is the
relation lengthj, de Gennes@16# derived a scaling expres
sion for the contact potential

bW~0!52
R

j
. ~1!

whereb51/kT.
Under conditions whereRg>R, which involves many

practical systems such as protein-polysaccharide mixt
@17–20#, the AO theory is known to fail. For such sma
spheres, the free energy of immersion of a sphere,F, is pro-
portional to the polymer concentrationnp ~number density!
times the sphere volume;npR3 @16#. In a semidilute poly-
mer solutionj;np

23/4, so the free energy of immersion turn
to F;(j/R)24/3, leading to

bW~0!52S R

j D 4/3

~2!
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Odijk @21# rederived this equation by noting that the dep
tion layer around a small sphere is of the order of the sph
radius. Following de Gennes@16# and Odijk @21#, the ex-
treme casej/R→` has been studied thoroughly by variou
workers in the past few years@22–27#. The situation where
the radius of gyration~or for the semidilute case the correla
tion length! is of the order of the sphere radius remains
significant problem. As the polymer length scale increa
with respect to the sphere radius the depletion interac
becomes weaker and the onset of phase separation shi
larger polymer concentrations. At sufficiently high polym
concentration the typical length scale is the correlat
length rather than the polymer’s radius of gyration and
depletion layer thickness becomes concentration depen
@28#. Moreover, the polymer osmotic pressure then sign
cantly deviates from Van ’t Hoff’s law. Therefore for th
situation ofRg>R taking into account the excluded volum
interaction between polymer segments becomes essentia
pecially when phase transitions take place around or ab
the polymer overlap concentration.

Here a simple theory is presented that describes deple
interaction up to at least a size ratio of unity, and in whi
the excluded volume effect of the polymer segments is ta
into account. For the calculation of the pair potential b
tween two particles we use the adsorption method@29,30#,
which follows from the generalized Gibbs adsorption equ
tion,

2S ]W~h!

]m D
h

5G~h!2G~`!. ~3!

Here,m is the chemical potential of the polymers andG(h) is
the adsorption when the particles are a distanceh apart~for
two spheres this is the center to center distance minus
sphere diameter!. To use this method, which has proven to
very efficient in the calculation of the depletion-induced p
potential~see for instance Refs.@31–33#!, we must have an
expression for the chemical potential as well as for the~nega-
tive! adsorption.

The adsorbed amount depends on the polymer segm
concentration profiles around the two colloidal particles.
has been shown@32–34# that the density around two par
ticles is reproduced very well when the product of the de
©2002 The American Physical Society01-1
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sities around the single particles is taken. Thus within
accuracy of the product function approximation, the pro
around a single particle, captured by the immersion free
ergy, yields the interaction potential. The depletion lay
thickness around a sphere in a dilute polymer solution w
excluded volume interaction follows from the interfacial te
sion. The flat and curvature-dependent terms of this inte
cial tension were calculated by Hanke, Eisenriegler, and
etrich @35#. Taking a step function for the polyme
concentration profile around a sphere leads to the follow
expression for the depletion layer thicknessD up to third
order inRg /R:

D5RH F113A
Rg

R
13BS Rg

R D 2

13CS Rg

R D 3G1/3

21J , ~4!

where A5(2/Ap)$12@12(3 ln 2/2)2p/21p/A3#/4%
'1.071, B5125p/81 17

36 1pA3/4'0.8691, and C5
2(1673p/482 551

15 240p/A3)/3Ap'20.03992. In order to
obtain the polymer concentration dependence of the de
tion layer thickness, we make the assumption that Eq.~4!
holds but with the correlation lengthj replacing the polymer
radius of gyrationRg . The correlation lengthj is taken from
renormalization group theory@@36#; Eq. ~19.24!#. The ad-
sorption in the space surrounding two colloidal hard sphe
can now be directly computed from the overlap volume
the depletion zones:

G~h,np!2G~`,np!5
2

3
pnpD3S 12

h

2D D 2S 21
3R

D
1

h

2D D .

~5!

for h<2D andG(h)5G(`) for h.2D.
Rewriting Eq. ~3! using the Gibbs-Duhem relatio

np
21dP5dm yields

W~h!52E
0

np
dnp8

1

np8
S ]P

]np8
D @G~h,np8!2G~`,np8!#. ~6!

Using the renormalization group expression for the osm
compressibility@@36#; Eq. ~17.53!#

]~bP!

]np
5112.63

np

np* S 113.25
np

np*
14.15S np

np*
D 2

111.48
np

np*
D 0.309

~7!

allows to calculateW(h).
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We now compare our theory for the depletion potent
between two spheres in a polymer solution with exclud
volume interaction with de Gennes’ scaling prediction E
~1!. Results forbW(0) obtained using Eq.~6! given above
for three polymer concentrations in the semidilute regim
np /np* 53, 5, and 7~symbols!, are plotted in Fig. 1 as a
function of j/R. A first observation that can be made is th
the data collapse onto a single curve underlining the sca
assumption of de Gennes@16# that only the two length scale
j andR are relevant and that the minimum of the potential
the semidilute regime only depends on the polymer conc
tration through~the concentration-dependent! j. The scaling
predictions of Eq.~1! is also indicated in the plot, and a be
fit gave bW(0)520.45R/j. It is remarkable that up toj
5R, Eq. ~1! describes the results extremely well. In order
compare with the potential between smaller spheres,
higher order terms in Eq.~4! are required. It is thus demon
strated how well our simple theory corresponds to the sca
theory of de Gennes@16#.

Part of this work was supported by the Council f
Chemical Sciences of the Netherlands Organization for S
entific Research and Unilever Research Vlaardingen. M
Cates, M. Fuchs, and E. Eisenriegler are thanked for t
valuable suggestions and help. We are indebted to A.
Louis for sending us a very useful preprint.

FIG. 1. Interaction potential contact value for two spheres in
semidilute polymer solution as a function of the correlation len
normalized with the sphere radius. The curve corresponds to
~1!, a scaling result from de Gennes@16# for relatively large
spheres. The symbols refer to our results fornp /np* 53 ~d!, 5 ~D!,
and 7~1!.
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